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Abstract. We study an infinite version of tlie "jeu de taquin^' 
siiding game, whidi can be tfiouglit of as a natural measure-preser- 
ving transformation on the set of infinite Young tableaux equipped 
with the Plancherel probability measure. We use methods from 
representation theory to show that the Robinson-Schensted-Knuth 
(RSK) algorithm gives an isomorphism between this measure-pre- 
serving dynamical system and the one-sided shift dynamics on a 
sequence of independent and identically distributed random vari- 
ables distributed uniformly on the unit interval. We also show 
that the jeu de taquin paths induced by the transformation are 
asymptotically straight lines emanating from the origin in a ran- 
dom direction whose distribution is computed explicitly, and show 
that this result can be interpreted as a statement on the limiting 
speed of a second-class particle in the Plancherel-TASEP parti- 
cle system (a variant of the Totally Asymmetric Simple Exclusion 
Process associated with Plancherel growth) , in analogy with earlier 
results for second class particles in the ordinary TASEP. 



Contents 



1. Introduction 

2. Elementary properties of jeu de taquin and RSK 

3. The limit shape and the semicircle transition measure 

4. Plactic Littlewood-Richardson rule, Jucys-Murphy elements 
and the semicircle distribution 

5. The asymptotic determinism of RSK and jeu de taquin 

6. Proof of Theorems 1A_. [1.4 and L5 

7. Second class particles 
Acknowledgements 
References 



m 



m 
m 
m 
m 



2010 Mathematics Subject Classification. Primary: 60C05; secondary: 60K35, 
82C22, 05E10, 37A05. 

Key words and phrases, jeu de taquin. Young tableau, Plancherel measure, 
TASEP, exclusion process, second class particle, dynamical system, isomorphism of 
measure preserving systems, representation theory of symmetric groups. 

1 



2 



DAN ROMIK AND PIOTR SNIADY 



1. Introduction 

1.1. Overview: jeu de taquin on infinite Young tableaux. The 

goal of this paper is to study in a new probabilistic framework a combi- 
natorial process that is well-known to algebraic combinatorialists and 
representation theorists. This process is known as the jeu de taquin 
(literally "teasing game") or sliding game. Its remarkable proper- 
ties have been studied since its introduction in a seminal paper by 
Schiitzenberger |Sch77] . Its main importance is as a tool for studying 
the combinatorics of permutations and Young tableaux, especially with 
regards to the Robinson-Schensted-Knuth (RSK) algorithm, which is a 
fundamental object of algebraic combinatorics. However, the existing 
jeu de taquin theory deals exclusively with the case of finite permu- 
tations and tableaux. A main new idea of the current paper is to 
consider the implications of "sliding theory" for infinite tableaux. As 
the reader will discover below, this will lead us to some important new 
insights into the asymptotic theory of Young tableaux, as well as to 
unexpected new connections to ergodic theory and to well-known ran- 
dom processes of contemporary interest in probability theory, namely 
the Totally Asymmetric Simple Exclusion Process (TASEP), the corner 
growth model and directed last-passage percolation. 

Our study will focus on a certain measure-preserving dynamical sys- 
tem, i.e., a quadruple Z = J^, P, J), where {Q, T , P) is a probability 
space and J : f2 — )■ f2 is a measure-preserving transformation. The sam- 
ple space f2 will be the set of infinite Young tableaux; the probability 
measure P will be the Plancherel measure, and the measure-preserving 
transformation J will be the jeu de taquin map. To define these con- 
cepts, we need to first recall some basic notions from combinatorics. 

1.2. Basic definitions. 

1.2.1. Young diagrams and Young tableaux. Let n > 1 be an integer. 
An integer partition (or just partition) of n is a representation of n in 
the form n = A(l) + A(2) + . . . + A(A;), where A(l) > . . . > A(A;) > 
are integers. Usually the vector A = (A(l), . . . , A(A;)) is used to denote 
the partition. We denote the set of partitions of n by Y„ (where we 
also define Y„ for n = as the singleton set consisting of the "empty 
partition," denoted by 0), and the set of all partitions by Y = U^o 
If A G Y„ we call n the size of A and denote |A| = n. 

Given a partition A = {X{1) , . . . , X{k)) of n, we associate with it 
a Young diagram, which is a diagram of k left-justified rows of unit 
squares (also called boxes or cells) in which the jth row has A(j) boxes. 
We use the French convention of drawing the Young diagrams from the 
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Figure 1. The Young diagram A 
Young tableau of shape A. 



(4,4,3, 1) and a 



bottom up; see Figure [TJ Since Young diagrams are an equivalent 
way of representing integer partitions, we refer to a Young diagram 
interchangeably with its associated partition. 

The set Y of Young diagrams forms in a natural way the vertex set 
of a directed graph called the Young graph (or Young lattice), where 
we connect two diagrams A, z/ by a directed edge if |z/| = |A| + 1 and u 
can be obtained from A by the addition of a single box; see Figure [2] 
We denote the adjacency relation in this graph hj X u. 

Given a Young diagram A of size n, an increasing tableau of shape A 
is a filling of the boxes of A with some distinct real numbers Xi, . . . ,Xn 
such that the numbers along each row and column are in increasing or- 
der. A Young tableau (also called standard Young tableau or standard 
tableau) of shape A is an increasing tableau of shape A where the num- 
bers filling it are exactly 1, . . . , n. The set of standard Young tableax 
of shape A will be denoted by SYT^. One useful way of thinking about 
these objects is that a Young tableau t of shape A encodes (bijectively) 
a path in the Young graph 

(1.1) = Ao/Ai/.../A„ = A 

starting with the empty diagram and ending at A. The way the encod- 
ing works is that the kth diagram A^ in the path is the Young diagram 
consisting of these boxes of A which contain a number < k. Going 



in the opposite direction, given the path (1.1) one can reconstruct the 
Young tableau by writing the number in a given box if that box was 
added to A^-i to obtain A^. The Young tableau t constructed in this 



way is referred to as the recording tableau of the sequence (1.1 ). 

1.2.2. Plancherel measure. Denote by /'^ the number of standard Youn^ 
tableaux of shape A. It is well-known that 

AeY„ 



pA\2 



4 




Figure 2. The Young graph. 



a fact easily explained by the RSK algorithm |Ful97t p. 52]. Thus, if 
we define a measure P„ on Y„ by setting 

Pn(A) = ^ (A G Y„), 



1.2 



then Pn is a probability measure. The measure is called the Plan- 
cherel measure of order n. From the viewpoint of representation theory 
one can argue that this is one of the most natural probability measures 
on Y„ since it corresponds to taking a random irreducible component 
of the left-regular representation of the symmetric group S'„, which is 



one of the most natural and important representations; see Section 4.4 
below. 

Another well-known fact is that the Plancherel measures of all dif- 
ferent orders can be coupled to form a Markov chain 



;i.3) 



Ao / Ai / A2 / 



where each A„ is a random Young diagram distributed according to 
P„. This is done by defining the conditional distribution of A„+i given 
Kn using the following transition rule: 

1.4) Prob(A, 



A. 



\)={ {n + l)f> 




if A / z/, 



otherwise, 



for each A G Y„, v G Y„+i. The fact that the right-hand side of (1.4) 



defines a valid Markov transition matrix and that the push-forward of 

1 is explained in |Ker99j , 



the measure P„ under this transition rule is P„ 
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where the process (Aji)^q has been called the Plancherel growth pro- 
cess. Here we shall think of the same process in a slightly different way 
by looking at the recording tableau associated with the chain (1.3). 
Since this is now an infinite path in the Young graph, the recording 
tableau is a new kind of object which we call an infinite Young tableau. 
This is defined as an infinite matrix t = of natural numbers 

where each natural number appears exactly once and the numbers along 
each row and column are increasing. Graphically an infinite Young 
tableau can be visualized, similarly as before, as a filling of the boxes 
of the "infinite Young diagram" occupying the entire first quadrant of 
the plane by the natural numbers. We use the convention that the 
numbering of the boxes follows the Cartesian coordinates, i.e. tij is the 
number written in the box which is in the i-th column and j-th 
row, with the rows and columns numbered by the elements of the set 
N = {1, 2, . . . } of the natural numbers. Denote by Q the set of infinite 
Young tableaux. 

We remark that the usual (i.e., non-infinite) Young tableaux are very 
useful in the representation theory of the symmetric groups: one can 
find a very natural base of the appropriate representation space which 
is indexed by Young tableaux [CSSTlOj . Thus it should not come as 
a surprise that infinite tableaux are very useful for studying harmonic 
analysis on the infinite symmetric group Soo', see |VK81] . 

Now, just as finite Young tableaux are in bijection with paths in the 
Young graph leading up to a given Young diagram, the infinite Young 
tableaux are similarly in bijection with those infinite paths in the Young 
graph starting from the empty diagram that have the property that 
any box is eventually included in some diagram of the path. We call 
an infinite tableau corresponding to such an infinite path the recording 
tableau of the path, similarly to the case of finite paths. Thus, under 
this bijection the Plancherel growth process (1.3) can be interpreted 
as a random infinite Young tableau; that is, a probability measure 
on the set fl of infinite Young tableaux, equipped with its natural 
measurable structure, namely, the minimal a-algebra J-" of subsets of 
Q such that all the coordinate functions t h-> tij are measurable. (Note 
that the Plancherel growth process almost surely has the property of 
eventually filling all the boxes — for example, this follows trivially from 
Theorem 3.1 below.) 

We denote this probability measure on (fi, J-") by P, and refer to it 
as the Plancherel measure of infinite order, or (where there is no risk 
of confusion) simply Plancherel measure. 
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(a) 



(b) 



Figure 3. (a) A part of an infinite Young tableau t. The 



highlighted boxes form the beginning of the jeu de taquin 



path p(t). (b) The outcome of 'sliding' of the boxes 
along the highhghted jeu de taquin path. The outcome 
of the jeu de taquin transformation J(t) is obtained by 
subtracting 1 from all the entries. 



1.2.3. Jeu de taquin. Given an infinite Young tableau t = (tjj)f^-^]^ G 
Q, define inductively an infinite up-right lattice path in 

(1.5) Pi(t), P2(t), PsW, ••• 

where Pi(t) = (1, 1), and for each k > 2, pk = {ik,ik) is given by 

l^l^fc-i, Jfc-i + ij II lifc-i+ijfc-i > tjfc-ijfc-i+i- 

That is, one starts from the corner box of the tableau and starts travel- 
ing in unit steps to the right and up, at each step choosing the direction 
among the two in which the entry in the tableau is smaller. We refer 



to the path (1.5) defined in this way as the jeu de taquin path of the 



tableau t. This is illustrated in Figure 3a 



We now use the jeu de taquin path to define a new infinite tableau 



J{t) 



;i-7) 



,1, using the formula 



.p^^^ - 1 if (i, j) = pfc for some k, 



otherwise. 



The mapping t s = J{t) defines a transformation J : Q ^ Q, which 
we call the jeu de taquin map. In words, the way the transformation 
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works is by removing the box at the corner, then shding the second box 
of the jeu de taquin path into the space left vacant by the removal of 
the first box, and continuing in this way, successively sliding each box 
along the jeu de taquin path into the space vacated by its predecessor. 
At the end, one subtracts 1 from all entries to obtain a new array of 
numbers. It is easy to see that the resulting array is an infinite Young 
tableau: the definition of the jeu de taquin path guarantees that the 
sliding is done in such a way that preserves monotonicity along rows 



and columns. For an example, compare Figures 3a and 3b 

The above construction is a generalization of the construction of 
Schiitzenberger |Sch77j who introduced it for finite Young tableaux. 
Schiitzenberger's jeu de taquin turned out to be a very powerful tool 
of algebraic combinatorics and the representation theory of symmet- 
ric groups; in particular, it is important in studying combinatorics of 
words, the Robinson-Schensted-Knuth (RSK) correspondence and the 
Littlewood-Richardson rule; see |Ful97] for an overview. 

1.2.4. An infinite version of the Robinson-Schensted-Knuth algorithm. 
Next, we consider an infinite version of the Robinson-Schensted-Knuth 
(RSK) algorithm which can be applied to an infinite sequence 
(xi, X2, X3, . . .) of distinct real number^ This infinite version was con- 
sidered in a more general setup in the paper |KV86j (the finite version 
of the algorithm, summarized here, is discussed in detail in |Ful97j ). 
The algorithm performs an inductive computation, reading the inputs 
Xi,X2, . . . successively, and at each step applying a so-called insertion 
step to its previous computed output together with the next input Xn- 
For each n > 0, after inserting the first n inputs xi, . . . ,Xn the algo- 
rithm produces a triple (A„, P„, Qn), where A„ G Y„ is a Young diagram 
with n boxes, P„ is an increasing tableau of shape containing the 
numbers Xi, . . . ,Xn, and Qn is a standard Young tableau of shape A„. 
The shapes satisfy A„_i A„, i.e., at each step one new box is added 
to the current shape, with the tableau Qn being simply the recording 
tableau of the path = Aq Ai . . . ^ A„. The tableau P„ is the 
information that will be acted upon by the next insertion step, and 
is called the insertion tableau. We will refer to A„ as the RSK shape 
associated to {xi, . . . ,Xn)- 

In this infinite version of the algorithm we shall assume that xi,X2, ■ ■ ■ 
are such that the infinite Young graph path = Aq Ai ^ . . . can 
be encoded by an infinite recording tableau Qoo (i-e., we assume that 



^Actually, this is an infinite version of a special case of RSK that predates it 
and is known as the Robins on- Schensted algorithm, but we prefer to use the RSK 
mnemonic due to its convenience and famiharity to a large number of readers. 
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every box in the first quadrant eventually gets added to some A„). For 
our purposes, the information in the insertion tableaux P„ will not be 
needed, so we simply discard it, and define the (infinite) RSK map by 

RSK(a;i,a;2, • • •) = Qoo- 

1.3. The main results. We are now ready to state our main results. 

1.3.1. The jeu de taquin path. Our first result concerns the asymptotic 
behavior of the jeu de taquin path. For a given infinite tableau t eVL 
we define 9 = e(t) G [0, 7r/2] by 

(cose(t),sine(t)) = lim ^^^^ 

^ ' llPfc 



whenever the limit exists, and in this case refer to B as the asymptotic 
angle of the jeu de taquin path. 

Theorem 1.1 (Asymptotic behavior of the jeu de taquin path). The 

jeu de taquin path converges P-almost surely to a straight line with a 
random direction. More precisely, we have 

lim exists 

Under the Plancherel measure P , the asymptotic angle B is an abso- 
lutely continuous random variable on [0, 7r/2] whose distribution has the 
following explicit description: 

(1.8) B = n(vr), 

where W is a random variable distributed according to the semicircle 
distribution C^c on [—2,2], i.e., having density given by 

(1.9) Csc{dw) = ^V4:-w^dw (k| < 2), 

27r 



and n(-) is the function 



Il{w) = — — cot 
4 



2 f . _^ (w\ V4 



sm 



TT V V 2 / w 



w 



-2<w < 2). 



Figure |4] shows simulation results illustrating the theorem. Figure |5] 
shows a plot of the density function of B. Note that the definition of 
the distribution of B has a more intuitive geometric description; see 
Section [3]3] for the details. 
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Figure 4. Several simulated paths of jeu de taquin and 
(dashed hues) their asymptotes. 




Figure 5. A plot of the density function of 0. The den- 
sity is bounded but is heavily skewed, with most of the 
probability concentrated near the ends of the interval 
[0,vr/2]. 
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1.3.2. The Plancherel-TASEP interacting particle system. One topic 
that we will explore in more detail later is an analogy between The- 
orem |1.1| and a result of Ferrari and Pimentel |FP05] on competi- 
tion interfaces in the corner growth model. Furthermore, the result 
from |FP05] is essentially a reformulation of previous results of Ferrari- 
Kipnis |FK95j and Mountford-Guiol |MG05j on the limiting speed of 
second class particles in the Totally Asymmetric Simple Exclusion Pro- 
cess (TASEP); similarly, our Theorem 1 1 . 1 1 affords a reinterpretation in 
the language of interacting particle systems, involving a variant of the 
TASEP which we call the Plancherel-TASEP particle system. We find 
this reinterpretation to be just as interesting as the result above. How- 
ever, because of the complexity of the necessary background, and to 
avoid making this introductory section excessively long, we formulate 
this version of the result here without explaining the meaning of the 
terminology used, and defer the details and further exploration of this 
connection to Section [7} We encourage the reader to visit the discus- 
sion in that section to gain a better appreciation of the context and 
importance of the result. 

Theorem 1.2 (The second class particle trajectory). For n > 0, let 

X{n) denote the location at time n of the second-class particle in the 
Plancherel-TASEP interacting particle system. The limit 

W = lim 

exists almost surely and is a random variable distributed according to 
the semicircle distribution C^c- 

The limiting random variable W can be thought of as an asymptotic 
speed parameter for the second-class particle. Namely, if one considers 
for each n > 1 the scaled trajectory functions 

(1.10) X4t) = -X{[nt\) (t>0), 

n 



then Theorem 1.2 can be reformulated as saying that as — > cxd, almost 
surely the trajectory will follow asymptotically one of the curves in the 
one-parameter family {a\/t)-2<a<2, where the parameter a is random 
and chosen according to the distribution £sc- If one reparametrizes 
time by replacing t with t"^ (which is arguably a more natural parame- 



trization — see the discussion in Section 7.5 ), we get the statement that 
the limiting trajectory of the second-class particle is asymptotically a 
straight line with slope a. This is analogous to the result of |MG05j . 
where the process is the ordinary TASEP and the limiting speed of 
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the second-class particle has the uniform distribution U{—1,1) on the 
interval [—1, 1]. 

1.3.3. The jeu de taquin dynamical system. It is worth pointing out 
that the jeu de taquin applied to an infinite tableau t & Vt produces 



two interesting pieces of information: the jeu de taquin path (1.5): 

p(t) = (pi(t),p2(t),...), 

and another infinite tableau J{t) G VL. This setup naturally raises 
questions about the iterations of the jeu de taquin map 

t, J(t), J(J(t)),... 

or, in other words, about the dynamical system ^ = (fi, J^, P, J), which 
we call the jeu de taquin dynamical system. The following result shows 
that this is indeed a very natural point of view. 

Theorem 1.3 (Measure preservation and ergodicity). The dynamical 
system Z = (^7-^, P, J) is measure-preserving and ergodic. 

We believe the part of the above result concerning the measure- 
preservation may be known to experts in the field, though we are not 
aware of a reference to it in print. The second part concerning ergod- 
icity is new. 

The next result sheds light on the behavior of the jeu de taquin 
dynamical system by showing that it has probably the simplest 
possible structure one could hope for, namely, it is isomorphic to an 
i.i.d. shift. 

Theorem 1.4 (Isomorphism to an i.i.d. shift map). 

Let G = ([0,l]^,i3,Leb®^,^) denote the measure-preserving dynam- 
ical system corresponding to the (one-sided) shift map on an infinite 
sequence of independent random variables with the uniform distribu- 
tion f/(0, 1) on the unit interval [0, 1]. That is, Leb®^ = n^^i(Leb) is 
the product of Lebesgue measures on [0,1], B is the product a -algebra 
on [0, 1]^, and S : [0, 1]^ ^ [0, 1]^ is the shift map, defined by 

S{xi,X2, ■■■) = {X2,X3, . . .). 

Then the mapping RSK : [0,1]^ ^ Q is an isomorphism between the 
measure-preserving dynamical systems Z o,nd &. 

Note that such a complete characterization of the highly nontriv- 
ial measure-preserving system Z may open up many possibilities for 
additional applications. We hope to explore these possibilities in fu- 
ture work. Furthermore, in contrast to many structure theorems in 
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ergodic theory that show isomorphism of comphcated dynamical sys- 
tems to i.i.d. shift maps via an abstract existential argument that does 
not provide much insight into the nature of the isomorphism, here the 
isomorphism is a completely explicit, familiar and highly structured 
mapping — the RSK algorithm. 

Note also that RSK is defined on the set of sequences (xi,X2,. . .) 



which satisfy the assumption mentioned in Section 1.2.4 This is known 



(see again Theorem 3.1 below) to be a set of full measure with respect 
to Leb®^. 



Theorem 1.4 above encapsulates several separate claims: first, that 
the Plancherel measure P is the push-forward of the product mea- 
sure Leb®^ under the mapping RSK; this is easy and well-known (see 



Lemma 2.2 below). Second, that RSK is a factor map (a.k.a. homomor- 
phism) of measure-preserving dynamical systems. This is the statement 
that 

(1.11) JoRSK = RSKo5, 

i.e., that the following diagram commutes: 

[0, 1]^ [0, 1]^ 

RSK RSK 

n — — > n 

This is somewhat nontrivial but follows from known combinatorial 
properties of the RSK algorithm and jeu de taquin in the finite set- 
ting. Finally, the hardest part is the claim that this factor map is in 
fact an isomorphism. It is also the most surprising: recall that in the 
infinite version of the RSK map we discarded all the information con- 
tained in the insertion tableaux (P„)^^. In the finite version of RSK 
the insertion tableau is essential to inverting the map, so how can we 
hope to invert the infinite version without this information? It turns 
out that Theorem LT] plays an essential part: the asymptotic direction 



of the jeu de taquin path provides the key to inverting RSK in our 
"infinite" setting. This is explained next. 

1.3.4. The inverse of infinite RSK. The secret to inversion of infinite 



RSK is as follows. We will show in a later section (see Theorem 5.2 
below) that the limiting direction 6 of the jeu de taquin path is a 
function of only the first input Xi in the sequence of i.i.d. uniform 
random variables Xi,X2, ... to which the RSK factor map is applied. 
Moreover, this function is an explicit (and invertible) function. This 
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gives us the key to inverting the map RSK(-) and therefore proving 
the isomorphism claim, since, if we can recover Xi from the infinite 
tableau T, then by iterating the map J and using the factor property 
we can similarly recover the successive inputs X2,X3, . . . , etc. Thus, 
we get the following explicit description of the inverse RSK map. 

Theorem 1.5 (The inverse of infinite RSK). The inverse mapping 
RSK^"*^ : ^7 — )■ [0, 1]^ is given P-almost surely by 

RSK-i (t) = [Fe (ei(t)) , Fe (e2(t)) , Fe {Qsit)) ,...], 

where we denote 0fc = 6 o J'^^^ (this refers to functional iteration of J 
with itself k — 1 times), and where Fq{s) = P(0 < s) is the cumulative 
distribution function of the asymptotic angle O. 

Note that one particular consequence of this theorem, which, taken 
on its own, already makes for a rather striking statement, is the fact 
that under the measure P, the sequence of asymptotic angles {Qk)'kLi 
obtained by iteration of the map J as above is a sequence of indepen- 
dent and identically distributed random variables. The full statement 
of the theorem can be interpreted as the stronger fact, which seems all 
the more astonishing, that this i.i.d. sequence is actually related in a 
simple way (via coordinate-wise application of the monotone increasing 
function Fq^) to the original sequence of i.i.d. U{0, 1) random variables 
fed as input to the RSK algorithm. 

1.4. Overview of the paper. We have described our main results, 
but the rest of the paper also contains additional results of independent 
interest. The plan of the paper is as follows. In Section |2] we recall 
some additional facts from the combinatorics of Young tableaux, which 
we use to pick some of the low-hanging fruit in our theory of infinite 
jeu de taquin, namely, the proof of Theorem 1.3| and the fact that 



RSK is a factor map, and as preparation for the more difficult proofs. 



In Section [3] we prove a weaker version of Theorem 1A_ that shows 
convergence in distribution (instead of almost sure convergence) of the 
direction of the jeu de taquin path to the correct distribution. This 
provides additional intuition and motivation, since this weaker result 



is much easier to prove than Theorem 1.1 



Next, we attack Theorem Lj^, which conceptually is the most difficult 
part of the paper. Here, we apply methods from the representation 
theory of the symmetric group. The necessary background is developed 
in Section |4| where a key technical result is proved (this is the only part 
of the paper where representation theory is used, and it may be skipped 
if one is willing to assume the validity of this technical result). This 
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result is used in Section [5] to prove two additional results which are 
of independent interest (especially to readers interested in asymptotic 
properties of random Young tableaux) but which we did not elaborate 
on in this introduction. We refer to these results as the asymptotic 
determinism o/RSK and asymptotic determinism of jeu de taquin. 



With the help of these results, Theorems 1A_, |1.4| and 1.5 are then 
proved in Section |6j 

Section [7] is then dedicated to exploring the connection between our 
results and the theory of interacting particle systems. In particular, we 
study in depth the point of view in which a "lazy" version of the jeu 
de taquin path is reinterpreted as encoding the trajectory of a second- 
class particle in the Plancherel-TASEP particle system, and consider 
how our results are analogous to results discussed in the papers |FK95t 
IMGOSt IFPOSj in connection with the TASEP and the closely related 
corner growth model (also known under the name directed last passage 
percolation). This analogy is one of the main "inspirational" forces 
of the paper, so the reader interested in this point of view may want 
to read this section before the more technical proofs in the sections 
preceding it. 



1.5. Notation. Throughout the paper, we use the following notational 
conventions: the letters /i. A, u will generally be used to denote deter- 
ministic Young diagrams, and capital Greek letters such as A, 11 will be 
used to denote random Young diagrams. Similarly, lower case letters 
such as t, s may be used to denote a deterministic Young tableau, and 
T will denote a random one. The normalized semicircle distribution 
(1.9) (on [—2,2], which is the case when its variance is 1 and its even 
moments are the Catalan numbers) will always be denoted by Csc- A 
generic context-dependent probability will be denoted by Prob(-), and 
expectation by E; the symbol P will be reserved for Plancherel mea- 
sure on the space fl of infinite Young tableaux. Other notation will be 
introduced as needed in the appropriate place. 



2. Elementary properties of jeu de taquin and RSK 

In this section we recall some standard facts about Young tableaux, 
and use them to prove the easier parts of the results described in the in- 
troduction (measure preservation, ergodicity and the factor map prop- 
erty). We also start building some additional machinery that will be 
used later to attack the more difficult claims about the asymptotics of 
the jeu de taquin path and the invertibility of RSK. 
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2.1. Finite version of jeu de taquin. Let A G Y„ for some n > 1. 
To each Young tableau t of shape A there is associated a finite jeu de 



taquin path (1, 1) = pi, P2, • • • , Pm defined analogously to (1.6) except 



that the path terminates at the last place it visits inside the diagram 



A, and for the purposes of interpreting the formula (1.6) we consider 
tij = oo for positions outside A. We can similarly define a finite jeu de 
taquin map j that takes a tableau t of shape A and returns a tableau 
s = j(t) of shape /i for some /i G Y„_i satisfying ji \. This is defined 



by the same formula as (1.7), with the shape /i being formed from A 



by removing the last box of the jeu de taquin path. 
Lemma 2.1. For any A G Y„, denote by 

Ja:SYT,^ y SYT^ 

the restriction of the finite jeu de taquin map j to SYTa. Then jx is a 
bijection. 

Proof. This is a standard fact, see |Ful97t p. 14]. The idea is that 
given the tableau s = j{t) and the shape A, one can recover t by 
performing a "reverse sliding" operation, starting from the unique cell 
in the difference A \ /i. □ 

From the lemma it follows that the pre-image j~^{t) of a tableau t 
of shape A contains one element for each v for which A z/, namely 

(2.1) j-\t) = {j-\t) : veY^/^v}. 

2.2. Measure preservation. We now prove that the jeu de taquin 
map J preserves the Plancherel measure P, which is the easier part of 



Theorem 1.3 The proof requires verifying that the identity 



(2.2) P{J-\E))=P{E) 

holds for any event E ^ T . We shall do this for a family of cylinder 
sets of a certain form, defined as follows. If A = (A(l), . . . A(fc)) G Y„ 
and s = {sij)i<i<k,i<j<x(i) is a Young tableau of shape A (where Sij 
is our notation for the entry written in the box in position {i,j)), we 
define the event G J-" by 
(2.3) 

Es = {t = (t»j)^=i G Q I tij = Sij for all 1 < i < A;, 1 < j < X{i) } . 

The family of sets of the form Eg clearly generates J-" and is a vr-system, 
so by a standard fact from measure theory |DurlOl Theorem A. 1.5, 



p. 345], it will be enough to check that (2.2) holds for Eg. 
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Note that if s is the recording tableau of the path = Aq 
Ai . . . A„ = A in the Young graph, then in the language of 



the Plancherel growth process (1.3), Eg corresponds to the event that 



{Afe = Afc for < A; < n}. 



Therefore it is easy to see from (1.4) that 



(2.4) 



since when multiplying out the transition probabilities in (1.4) one gets 
a telescoping product. 



On the other hand, let us compute P(j ^{Es)). From (2.1) we see 
that J~^{Es) can be decomposed as the disjoint union 



Applying (2.4) to each summand we see that 



E 



r 



n + l] 



and this is equal to f^/n\ = P(-E's) by the well-known relation 



(see |GNW84t eq. (7)]; note that this relation also explains why (1.4) 
is a valid Markov transition rule). So, (2.2) holds for the event Eg, as 
claimed. □ 



2.3. RSK and Plancherel measure. The following lemma is well- 
known (see, e.g., |KV86j ) and can be used as an equivalent alternative 
definition of Plancherel measure. We include its proof for completeness. 

Lemma 2.2. Let Xi,X2, ... be a sequence of independent and iden- 
tically distributed random variables with the U{0, 1) distribution. The 
random infinite Young tableau 

T = RSK(Xi,X2,...) 

is distributed according to the Plancherel measure P. In other words, P 
is t he p ush-forward of the product measure Leb®^ (defined in Theo- 
rem 1.4) under the mapping RSK : [0, 1]^ — )■ 
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Proof. Let P' be the distribution measure of T. Let A = (A(l), . . . , A(A;)) G 
Y„ for some n > 1 and let s = {sij)i<i<k,i<j<\{i) be a Young tableau 



of shape A. Then the event {T G Eg} (with Eg as in (2.3)) can be 
written equivalently as {Q„ = s}, where Qn is the recording tableau 
part of the RSK algorithm output (P^, Qn) corresponding to the first 
n inputs {Xi, . . . ,X„). Note that Qn is dependent only on the order 
structure of the sequence Xi, . . . , X„; this order is a uniformly random 
permutation in the symmetric group Sn, and by the properties of the 
RSK correspondence, 

(2.5) Prob(Q„ = s) = f/n\, 

since there are possibilities to choose the insertion tableau P„, each 
of them corresponding to a single permutation among the n\ possibili- 
ties. Therefore we have that 

P'iEs) = Prob(T G Es) = Prob(g„ = s) = ^— = P(E,). 

nl 

Since this is true for any Young tableau s, and the events Eg form a 
TT-system generating J-', it follows that the measures P' and P coincide. 

□ 



2.4. RSK is a factor map. We now prove (1.11). The claim reduces 
to the following result which concerns RSK and jeu de taquin in the 
finite setup. 

Lemma 2.3. Let he distinct numbers. Let Qn he the record- 

ing tableau associated by RSK to x = (a;i,X2, . . . ,x„) and let Qn-i be 
the recording tableau associated to Si = (x2,X3, . . . ,x„) . Then 

Qn~l = jiQn), 

where j is the finite version of the jeu de taquin map. 

Proof. For a sequence y = {yi, . . . , y^) of distinct numbers, there exists 
a unique permutation y^^ = (2/]~\ . . . , y^^) of the sequence (1, 2, ... , k) 
such that 

< ■ ■ ■ < yy-Hk)- 

If the sequence y is a permutation of (1, . . . , k) then y~^ is its inverse 
permutation in the usual sense. It is well-known |Ful97[ p. 41] that if 



(p, q) is the pair of Young tableaux associated by RSK to a permuta- 
tion y then (g, p) is the pair of Young tableaux associated by RSK to 
the permutation y~^, i.e. the roles of the insertion and the recording 
tableau are interchanged. If we drop the assumption that y is a per- 
mutation, then still the recording tableau associated to y is equal to 
the insertion tableau associated to the permutation y^^ (to see this. 
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replace y with the permutation whose jth element is the order ranking 
of Hj in . . . ,yk)', the inverse of this permutation is exactly y~\ and 
it is easy to see that its recording tableau is the same as that of y). 

In this way Qn is equal to the insertion tableau associated by RSK 
to x^^ and Qn-i is equal to the insertion tableau associated by RSK 
to x^^. The relation between x~^ and x~^ is that x~^ + 1 (the sequence 
in which 1 is added to every element of x^^) is obtained from x~^ by 
removing the element 1. 

The insertion tableau associated to x~^ by RSK can be computed 
alternatively using the jeu de taquin sliding algorithm as applied to 
skew Young tableaux (this is a more general version of the algorithm 
than the one described in the introduction; see |Ful97t p. 12-16]), as 
follows: we consider a skew Young diagram which consists of n boxes 
which form a northwest-southeast diagonal and we write the elements 
of the sequence x~^, from the northwest towards the southeast. Then, 
we iteratively apply Schiitzenberger's sliding algorithm until we obtain 
a Young tableau (which turns out to be equal to Qn)- If we remove the 
element 1 from each of the intermediate skew tableaux, we obtain a 
legitimate sequence of sliding operations, which (by similar reasoning) 
goes towards calculating the insertion tableau associated to x^^ + 1, 
except that at the end of the sequence, the corner box in position (1, 1) 
is still empty, so to get the insertion tableau of x~^ + 1 we perform one 
last sliding operation starting from that position. This last operation, 
together with a final step of subtracting 1 from all entries in the re- 
sulting tableau, corresponds to applying the map j to Qn, and results 
in the insertion tableau Qn-i of x~^, so we get exactly the claim of the 
lemma about the relationship between Qn and Qn-i- D 



Proof of ( |1.11 ). Let (a;i, X2, . . .) G [0, 1]^ be a sequence for which the 



infinite tableau RSK(a;i, X2, . . .) = Qoo is defined. In the notation of 
the lemma, Qoo is the unique infinite tableau that "projects down" to 
the sequence of finite recording tableaux Qn (in the sense that deleting 
all entries > n gives Qn)- The sequence of recording tableaux Qn~i = 
j{Qn) of {x2, - - - , Xn) fom > 1 also determines a unique infinite tableau 
Qoo with the same projection property, which is therefore the recording 
tableau of {x2, X3, - - -) = S{xi, X2, - - -)- Because j is a finite version of 
J, it is easy to see that this implies J{Qoo) = Qoo, which is the relation 



(1.11 ) for the input (xi, a;2, .. .). □ 



Note that (1.11) also implies that the measure-preserving system ^ 



is ergodic, since a factor of an ergodic system is ergodic |Sil08l p. 119]. 



So we have finished proving Theorem 1.3 
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2.5. Monotonicity properties of RSK. We will identify the set of 
boxes of an infinite Young tableau with N^. We introduce a partial 
order on as follows: 

{xi, yi) ^ {x2, y2) xi < X2 and yi > ?/2- 

If a = (ai, . . . , a„) and h = {bi, . . . ,bk) are finite sequences we denote 

by 

ab = (oi, . . . ,a„,6i, . . . ,bk) 
their concatenation. Also, if fe is a number we denote by 

ab = (ai, ...,an,b) 

the sequence a appended by b, etc. 

For a finite sequence a = {ai, . . . ,an) we denote by Ins(a) G 
the last box which was inserted to the Young diagram by the RSK 
algorithm applied to the sequence a. In other words, it is the box 
containing the biggest number in the recording tableau associated to a. 

Lemma 2.4. Assume that the elements of the sequence a = (ai, . . . , a;) 
and b,b' are distinct numbers and b < b' . Then we have the relations: 

(a) Ins(a6) -< Ins(a66'); 

(b) Ins(a6') y Ins(a6'6); 

(c) Ins(a6) ^ Ins(a6'); 

(d) Ins(a6') ^ Ins(a66')- 



Proof. Parts (a) and |(b) |are slightly weaker versions of the "Row Bump- 



ing Lemma" in |Ful97i p. 9]. The remaining parts [(c)] and [(d) follow 



using a similar argument of comparing the "bumping routes" . □ 



Note that part (a) (respectively, part (b) ) in the lemma above implies 
that if a sequence a = (ai, . . . , a„) is arbitrary and b = (6i, . . . , 6^) is 
increasing (respectively, decreasing), and Di, . . . ,Dn+k are the boxes 
of the RSK shape associated to the concatenated sequence ab, written 
in the order in which they were added (i.e., being the box contain- 
ing the entry j in the recording tableau), then □„+! -<■■■-< Dn+fc 



(respectively Dn+i >~ ■ ■ ■ Dn+fc)- Part (c) shows that the function 



z I— Ins(a2;) is weakly increasing with respect to the order ^. 

2.6. Symmetries of RSK. For a box {i,j) G we denote by (i, j)* = 
(j, i) the transpose box, obtained under the mirror image across the axis 
X = y. For a Young diagram A G Y„ the transposed diagram A* G Y„ is 
obtained by transposing all boxes of the original Young diagram. In the 
following lemma we recall some of the well-known symmetry properties 
of the RSK algorithm. 
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Lemma 2.5. Let xi, . . . ,x„ be a sequence of distinct elements and let 
A be the corresponding RSK shape. Then 

(a) the RSK shape associated to the sequence x„, . . . , xi is 
equal to A*; 

(b) the RSK shape associated to the sequence l—xi, I—X2, ■ ■ ■ , 1— x„ 
is equal to A*; 

(c) the RSK shape associated to the sequence 1— x„, 1—Xn-i, . . . , 1 — 
Xi is equal to A. 



Proof. Claim (c) follows from (a) and (b) , which are both immediate 
consequences of Greene's Theorem |Sta99l Theorem Al.1.1]. □ 

3. The limit shape and the semicircle transition measure 

3.1. The limit shape of Plancherel-random diagrams. In what 
follows, the limit shape theorem for Plancherel-distributed random 
Young diagrams, due to Logan-Shepp |LS77j and Vershik-Kerov |VK77[ 
IVK85j (that was instrumental in the solution of the famous Ulam prob- 
lem on the asymptotics of the maximal increasing subsequence length 
in a random permutation), will play a key role, so we recall its formu- 
lation. 

Given a Young diagram A = (A(l), . . . , A(A;)) G Y„, we identify it 
with the subregion 

(3.1) Ax= U [t~l,t]x[j-l,j] 

l<i<k,l<j<X{i) 

of the first quadrant of the plane. Transform this region by introducing 
the coordinate system 

u = X — y, V = X + y 

(the so-called Russian coordinates) rotated by 45 degrees and stretched 
by the factor \/2 with respect to the (x, y) coordinates. In the {u, v)- 
coordinates the region Ax now has the form 

Ax = {iu,v) : -A'(l) <u< A(l), \u\<v< 0a(m)}, 

where A'(l) = k is the number of parts of A, and (px is a piecewise 
linear function on [— A'(l), A(l)] with slopes (f)\ = ±1. We extend 0a to 
be defined on all of M by setting 0a(m) = \u\ for u ^ [— A'(l), A(l)], as 
illustrated in Figure [6j The function (px, called profile of A, is a useful 
way to encode the shape of the diagram A. 

We can also consider a scaled version of (px given by 

4>x{u) = ^(px (Vnu) . 
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Figure 6. A Young diagram A = (4, 3, 1) shown in the 
French and Russian conventions. The sohd hne repre- 
sents the profile (px of the Young diagram. The coor- 
dinates system [u, v) corresponding to the Russian con- 
vention and the coordinate system (x, y) corresponding 
to the French convention are shown. 



This scahng leads to a diagram with constant area (2, in this coordinate 
system), and is naturally suitable for dealing with asymptotic questions 
about the shape A. 

The following version of the limit shape theorem with an explicit 
error estimate is a slight variation of the one given in |VK85] (it follows 
from the numerical estimates in Section 3 of that paper by modifying 
some parameters in an obvious way). 
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Figure 7. The hmit shape v = ^^(m) superposed with 
the (rescaled) profile 0a„ of a simulated Plancherel- 
distributed random Young diagram of order n = 1000. 



Theorem 3.1 (The limit shape of Plancherel-random Young diagrams). 
Define the function : M — )■ [0, oo) by 



I [wsin-^ (f) + ] z/ - 2 < n < 2, 

\u\ otherwise. 



(3.2) 9.,{u) -- 

Let = Aq Ai A2 . . . denote the Plancherel growth process as 



in (1.3). Then there exists a constant C > such that for any e > 0, 



we have 

Prob ( sup 0A„ (n) - ^^{u) > e] = O (e^^^j as n ^ 00. 

See Figure [7] for an illustration of the profile of a typical Plancherel- 
random diagram shown together with the limit shape. 

3.2. The transition measure. Next, we recall the concept of the 
transition measure of Young diagrams and its extension to smooth 
shapes, developed by Kerov |Ker93t IKer99j (see also |Rom04] ) . For a 
Young diagram A e Y„, this is defined simply as the probability mea- 
sure on the set of diagrams u G Y„_|_i such that X u {or equivalently 
on the set of boxes that can be attached to A to form a new Young di- 



agram) given by (1.4). Kerov observed that as a sequence of diagrams 
approaches in the scaling limit a smooth shape (in a sense similar to 
that of the limit shape theorem above), the transition measures also 
converge and thus depend continuously, in an appropriate sense, on the 
shape. For the limit shape Q^, which is the only one we will need to 
consider, the transition measure (in this limiting sense) is the semicir- 
cle distribution. The precise result, paraphrased slightly to bring it to 
a form suitable for our apphcation, is as follows. 
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Theorem 3.2 (Transition measure of P„-random Young diagrams). 
For each n > 1, denote by d„ = (a„, 6„) the random position of the box 



that was added to the random Young diagram A„_i in (1.3) to obtain 
An- Then we have the convergence in distribution 

1 V 
(3.3) — (a„ - 6„,a„ + 6„) — )■ (f/, V) as n ^ oo, 

'n 



where U is a random variable with the semicircle distribution C^c 
on [—2,2], and V = f2^,(f/). In other words, in the {u,v)- coordinates. 



the position of the box added according to the transition measure (1.4) 
has in the limit a u-coordinate distributed according to the semicircle 
distribution and its v-coordinate is related to its u-coordinate by the 
function Q^. 



Proof. This follows immediately by combining Theorem |3.1| with the 
fact that the transition measure of the curve fl^, is Csc, and the fact 
that the mapping taking a continual Young diagram to its transition 
measure is continuous in the uniform norm (with the weak topology on 
measures on M). For the proofs of these facts, refer to |Ker93t IKer99j 
(see also |Rom04j ). □ 

3.3. Weak asymptotics for the jeu de taquin path. As an ap- 
plication of these ideas, we prove the convergence in distribution of 
the directions along the jeu de taquin path in the infinite Plancherel- 
random tableau. This is a weaker version of Theorem 11.11 that identi- 



fies the distribution (1.8) but does not include the fact that the jeu de 
taquin path is asymptotically a straight line. It will be convenient to 
work with a modified version of the jeu de taquin path in which time 
is reparametrized to correspond more closely to the Plancherel growth 



process (1.3). We call this the natural parametrization of the jeu de 
taquin path. To define it, let q„ = pK{n) denote the position of the last 
box in the jeu de taquin path contained in the diagram A„; i.e., K{n) is 
the maximal number k such that tp^,, the tableau entry in position p^, 
is < n. The reparametrized sequence (qn)n>i is simply a slowed-down 
or "lazy" version of the jeu de taquin path: as n increases it either 
jumps to its right or up if in the Plancherel growth process a box was 
added in one of those two positions, and stays put at other times. 

Theorem 3.3. Let T be a Plancherel-random infinite Young tableau 
with a naturally-parametrized jeu de taquin path (q„)^]^. We have the 
convergence in distribution 



(cos 6, sin 6) as n —)■ oo. 
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where O is the random variable defined by (1.8). 

To show this, we need the following lemma, which also gives one 
possible explanation for why the slowed-down parametrization may be 
considered natural (another explanation, related to the "second-class 
particle" interpretation, is suggested in Section [T]). 

Lemma 3.4. We have the equality in distribution 

qn = d„. 

Proof. Let Xi, . . . , X„ be i.i.d. U{0, 1) random variables. Let A„ be the 
Young diagram associated by RSK to the sequence (Xi,X2,. . . ,Xn) 
and let A„_i be the Young diagram associated to (X2, X3, . . . , 
From Lemmas 2^ and 2^ we get that 

q„ = A„ \ A„_i. 

Let (Fi, . . . , F„) = (1 - Xn, 1 - . . . , 1 - Xi). In this way 

Yi, . . . ,Yn are i.i.d. U{0, 1) random variables and thus the path in the 
Young graph = Mq Mn corresponding to the sequence via 

RSK is distributed according to the Plancherel measure. It follows that 

d„ = M„\M„_i. 

Applying Lemma 2.5|[c) for the sequence (Xi, 
sequence (X2, . . . ,X„), we get however that M„ 
A„_i, which finishes the proof. 



, X„) and for the 
A„ and M„_i = 
□ 



Proof of Theorem 3.3[ Define random angles (^n)$^i by 
d„ = (a„,6„) = ||d„|| (cos6'„,sin6'„) 



where < 0„ < 7r/2 for n > 1. By Lemma 3.4, it is enough to show 



that 6*^ — > 9, or equivalently that 
(3.4) 

cot(7r/4 



On 



V 



cot(7r/4 - 0) 



2 

TT 



sm 



+ 



where W 



Csc as in Theorem |L1[ But note that 
cot(vr/4-^„) = ^^. 



V4- 1^2 



the ratio of the v- and u- coordinates of d„, since the 7r/4 term cor- 
responds exactly to the angle of rotation between (x, y) and {u, v) co- 



ordinates. So, by (Q, cot(7r/4 - 6^) ^ V/U = VL^{U)/{U), where 
ttn^hmV and U are defined in Theorem |3.2[ and it is easy to see from 
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the definition of in (3.2) tliat tliis is exactly tlie distribution ap- 



pearing on tlie riglit-liand side of (3.4). □ 



Note tliat the proof above gives a simple geometric characterization 
of the distribution of the limiting random angle B. Namely, in the 
Russian coordinate system we choose a random vector {U, V) that lies 
on the limit shape by drawing U from the semicircle distribution £sc; 
and taking V = Q^,{U). The random variable is the angle subtended 
between the ray {u = v > 0} (which corresponds to the positive x-axis) 
and the ray pointing from the origin to {U, V). 

4. Plactic Littlewood-Richardson rule, Jucys-Murphy 
elements and the semicircle distribution 

4.1. Pieri growth. Our goal in this section will be to prove a technical 



result that we will need for the proofs of Theorems LI and L5 The 
result concerns a particular way of growing a Plancherel-random Young 
diagram of order n hj k additional boxes. We refer to this type of 
growth as Pieri growth, because of its relation to the Pieri rule from 
algebraic combinatorics. This is defined as follows. Fix n,k > 1, 
and consider the following way of generating a pair A„ C r„+fc of 
random Young diagrams, where A„ G Y„ and Tn+k ^ ^n+k- first, 
take a sequence Ai, An of i.i.d. random variables with the U{0, 1) 
distribution, and define A„ as the RSK shape associated with the input 
sequence Ai, . . . ,An (so, A„ is distributed according to the Plancherel 
measure P„ of order n). Next, take a sequence Bi,...,Bk of i.i.d. 
random variables with the U{0, 1) distribution, conditioned to be in 
increasing order (i.e., the vector {Bi, . . . , B^) is chosen uniformly at 
random from the set {{bi, . . . ,bk) : < 6i < . . . < fe^ < 1}), then 
let Tn+k be the RSK shape associated with the concatenated sequence 
{Ai, . . . , An, Bi, . . . , Bk). 

Let 1/ G Yfc be a Young diagram with k boxes or, more generally, let 
u = \ \ fi (for A G Yn+k, G Y„) be a skew Young diagram with k 
boxes. Let 

□l = jl), ^2 = («2, j2), • • • , Dfc = (ikjk) 

denote the positions of its boxes (arranged in some arbitrary order). 
For each 1 < i < k we will call ue = ie — je the u-coordinate of the box 
(In the literature such a w-coordinate is usually called the content 
of n^, but in order to avoid notational collisions with the content of 
a box of a Young tableau, we decided not to use this term in this 
meaning.) The sequence {ui, . . . ,Uk) of the w-coordinates of the boxes 
of z/ will turn out to be very useful. 
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Theorem 4.1. For each n,k, let ui,...,Uk be the u- coordinates of 
the boxes of Tn+k \ where the Fieri growth pair A„ C Tn+k is de- 
fined above. Letmn,k denote the empirical measure of the u-coordinates 
Ui, . . . ,Uk (scaled by a factor of n'^^"^), given by 

1 

'"^n.k = ^ 

where for a real number x, 6^ denotes a delta measure concentrated atx. 
Let k = k{n) be a sequence such that k = o{y/n) as n ^ oo. Then as 
k — )■ oo, the random measure run^k converges weakly in probability to 
the semicircle distribution C^c, one? furthermore, for any e > and 
any u we have the estimate 

Prob - FgcHj > e) = O Q + as n ^ oo, 



where Fsc denotes the cumulative distribution function of the the semi- 
circle distribution Csc, o^nd Fm^^ denotes the cumulative distribution 
function ofrrin^k- 

In order to prove this resuh, we wiU apply the "plactic" version of 



the Littlewood- Richardson rule (Theorem 4.2) which, roughly speak- 
ing, says that the probabilistic behavior of the RSK shape associated to 
a concatenation of two random sequences with prescribed RSK shapes 
coincides with the probabilistic behavior of a random irreducible com- 
ponent of a certain representation of the symmetric group. In this 
way the quantities describing the probabilistic properties of the ran- 
dom probability measure nin^k can be calculated by the machinery of 
representation theory, and specifically the Jucys-Murphy elements. We 
present the necessary tools below. 



4.2. The symmetric group and its representation theory. Let 

n, > 1 be given. In the following we will view Sn as the group of 
permutations of the set {!,... ,n}, as the group of permutations 
of the set {n -\- 1, . . . ,n + k} and Sn+k as the group of permutations 
of {1, . . . ,n + k}. In this way Sn x 5"^ is identified with the subgroup 
of Sn+k consisting of those permutations of {1, . . . ,n -\- k} which leave 
the sets {1, . . . , n} and {n + 1, . . . , n + A;} invariant. In this article we 
will consider only the groups which have one of the above forms. We 
review below some basic facts from representation theory, tailored for 
this particular setup. 
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For a representation p : G ^ End W of some finite group G we define 
its normalized character 

W( N Trp(^) 

(dimension of W ) 

The group algebra C(G) can be alternatively viewed as the algebra 
of functions {/:(?—)• C}; as multiplication we take the convolution 
of functions. For any element / G CfG] of the group algebra we will 
denote by the extension of the character by linearity: 

For a modern approach to the representation theory of symmetric 
groups we refer to the monograph [CSSTIO] . There is a bijective cor- 
respondence between the set of (equivalence classes of) irreducible rep- 
resentations of the symmetric group Sn and the set Y„ of Young dia- 
grams with n boxes. We denote by the irreducible representation 
: Sn ^ EndV^ which corresponds to A G Y„. The dimension of 
the space V'^ is equal to /'^, the number of standard Young tableaux 
of shape A. We use the shorthand notation for the corresponding 
character ■ 

Two representations of the symmetric groups will play a special role 
in the following. The trivial representation V^"^''^^ of Sk is the one 
for which the vector space V^l"'''^ is one-dimensional and any group 
element g E Sk acts on it trivially by identity. The corresponding 
character 

is constantly equal to 1. The trivial representation is irreducible and 
corresponds to the Young diagram (fc) which has only one row; in 
other words V^^^^"^^ = V^*^'^-'. The regular representation V^^^"'^'^ of Sn is 

the one for which the vector space V^^^"''^'^ = C(S'„) is just the group 
algebra and the action is given by multiplication from the left. The 
corresponding character 



a g = e, 
otherwise 



is equal to the delta function at the group unit. 

4.3. Isomorphism betwen C{Y„) and ZC{S„). For a Young dia- 
gram A G Y„ we define 
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The elements {q\ : \ & Y„) form a linear basis of the center ZC[S'n] 
of the group algebra. They form a commuting family of orthogonal 
projections, in other words 



qx if A = /i, 
otherwise, 

which shows that 

AeY„ 

is an isomorphism between the commutative algebra C(Y,„) of func- 
tions on Y„ (with pointwise addition and multiplication) and the center 
ZC{Sn) of the symmetric group algebra. Thanks to this isomorphism 
any / G C(Y„) can be identified with an element of the center ZC{Sn) 
which for simplicity will be denoted by the same symbol. 

The inverse isomorphism associates to / G ZC{Sn) a function on 
Young diagrams which is explicitly given by 

(4.1) X^x\f)- 

4.4. The random Young diagram associated to a representa- 
tion. For a representation W of the symmetric group Sn we consider 
its decomposition into irreducible components: 

(4.2) w=^mx V\ 

AeY„ 

where m\ G N U {0} denotes the multiplicity. The representation W 
induces a probability measure on Y„ given by 

^ f^x (dimension of V^'^) 

= ■ fWV^ ^ ^ 

(dimension of W ) 

In other words, the representation W of Sn gives rise to a random 
Young diagram A with n boxes; we will say that A is the random 
Young diagram associated to the representation W. The probability of 
A is proportional to the total dimension of all irreducible components 
of W which are of type [A]. Alternatively, we can select some linear 
basis ci, . . . ,ei of the vector space W in such a way that each basis 



vector Ci belongs to one of the summands in (4.2). With the uniform 
measure we randomly select a basis vector cf, this vector corresponds 
to a Young diagram A which has the desired distribution. 

This choice of probability measure on Y„ has an advantage that the 
corresponding expected value of random variables has a very simple 
representation-theoretic interpretation. Namely, for / G C(Y„) (which 
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under the identification from Section 4.3 can be seen as / G ZC{Sn)) 



it is immediate from tlie definitions tliat 
(4.3) Ewf{A) = 

wfiere E^y denotes tfie expectation witli respect to tlie measure Pvk- 

An important example is tlie case wlien W = Vg'^^^^'^^ is tlie regular 
representation of the symmetric group; then the corresponding proba- 



bility distribution on Y„ is the Plancherel measure (1.2). 



4.5. Outer product and Littlewood-Richardson coefficients. If 

V is a representation of Sn and W is a representation of Sk we denote 
by 

VoW = iV (g)W)]lll'^^ 

their outer product. It is a representation of Sn+k which is induced from 
the tensor representation V <S)W of the cartesian product Sn x Sk- 

There are several equivalent ways to define Littlewood-Richardson 
coefficients but for the purposes of this article it will be most convenient 
to use the following one. For Young diagrams A G Y„, /x e Y^., z/ G Yn+k 
we define the Littlewood-Richardson coefficient c\^^ as the multiplicity 
of the irreducible representation ® of the group Sn x Sk in the 
restricted representation 

Equivalently, c\^^ is equal to the multiplicity of the irreducible repre- 
sentation in the outer product o V^. It follows that the random 
Young diagram associated to the outer product o has the distri- 
bution 

1 

dimension of o V^^ 



(4.4) ¥y.^y. {U) = CiJ-". 



4.6. The plactic Littlewood-Richardson rule. The following re- 
sult is essentially a reformulation of the usual form of the plactic 
Littlewood-Richardson rule |Ful97t Chapter 5]. 

Theorem 4.2. Let the Young diagrams A G Y„, fi & Yj. be fixed. Let 
A = (Ai, ...,An) G [0, 1]" and B = {Bi, . . . , Bk) G [0, 1]'= he random 
sequences sampled according to the product of Lebesgue measures, con- 
ditioned so that X, respectively fi, is the RSK shape associated to A, 
respectively B. Then the distribution of the RSK shape associated to 



the concatenated sequence AB coincides with the distribution (4.4) of 
the random Young diagram associated to the representation o V^. 

Proof. Let A = [0, 1] be the alphabet (linearly ordered set) of the num- 
bers from the unit interval. For the purpose of the following definition 
we consider RSK„ : A"" — )■ Y„ as a map which to words of length n 
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associates the corresponding RSK shape. For a Young diagram A G Y„ 
we define the formal hnear combination 

> A=(Ai,...,A„)e^", 

RSK„{A)=A 

of all words for which the RSK shape is equal to A. This formal linear 
combination can be alternatively viewed as a function S\ : — )■ M; 
then it becomes a density of a probability measure on . This measure 
is the probability distribution of a random sequence A with the uniform 
distribution on conditioned to have the RSK shape equal to A. 

There are possible choices of a recording tableau of shape A. It 
follows that the plactic class corresponding to a given insertion tableau 
of shape A consists of elements of . Therefore the embedding 
of into the plactic monoid maps S\ to jxSx, where S\ is the plactic 
Schur polynomial, defined as 

shape(P)=A 

where the sum runs over all increasing tableaux P of shape A and with 
the entries in the alphabet A. 

We now use one of the forms of the plactic Littlewood-Richardson 
rule |Ful97t p. 63], which says that for arbitrary A G Y„, G Y^, we 
have that 

'S'a'S'^ = '^x^iJ^vi 
where the product is taken in the plactic monoid. Therefore 

(^•^) ^^^f^ = (n+k\ i-x fti X] '^^J"^^- 

\ k )J J i.eY„+fe 

If we interpret S\ and as densities of probability measures on 
and A'', respectively, and as a product we take concatenation of 
seqeuences, then S\S\ can be interpreted as a density of a probability 



measure on A^~^ . In this way (4.5) can be interpreted as follows: 



the left hand-side in the plactic monoid is equal to the distribution 
of the RSK shape associated to the concatenated sequence AB. The 
probability distribution of this RSK shape is given by the coefficients 
standing at the right-hand side: 

Prob (RSK.(AB) = u) = ^,^j^/,,,r . 



which coincides with ( |4.4 ), as required. □ 
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4.7. Jucys-Murphy elements and w-coordinates of boxes. We 

define the Jucys-Murphy elements as the elements of the symmetric 
group algebra 

X, = (1,^) + --- + (z-1,z)gC(S„) 

given for each 1 < i < n hj the formal sum of transpositions inter- 
changing the element i with smaller numbers. The following lemma 
summarizes some fundamental properties of Jucys-Murphy elements 
|Juc74j . 

Lemma 4.3. Let A G Y„ &e a Young diagram, and let ui, . . . ,Un be the 
u-coordinates of its boxes. Let P{xi, . . . , Xn) be a symmetric polynomial 
in n variables. Then: 

(1) P{Xi, . . . ,Xn) € C(S'„) belongs to the center of the group alge- 
bra. 

(2) We denote by : Sn ^ the irreducible representation of 
the symmetric group Sn corresponding to the Young diagram X; 
then the operator (P(Xi, . . . , X^)) is a multiple of the identity 
operator and hence can be identified with a complex number. 
The value of this number is equal to 

x^(p(Xi,...,x„)) =PK,...,M„). 

4.8. Growth of Young diagrams and Jucys-Murphy elements. 

This section is devoted to the proof of the following result which will 



be essential for the proof of Theorem 4.1 



Theorem 4.4. We keep the notations from Section \4 i\ except that 
the u-coordinates of the boxes of T^+k \ will now be denoted by 
Un+ii ■ ■ ■ 1 Un+k- For any symmetric polynomial P{xn+i, ■ ■ ■ , Xn+k) in k 
variables we have 
(4.6) 



where -^^^"xs'fc ^ '^i^n x Sk) denotes the restriction of F E C{Sn+k) 
to the subgroup Sn x Sk. 

Before we do this, we show the following technical result. 

Lemma 4.5. Let A G Y„, /i G be given. Let T be a random Young 
diagram associated to the outer product V^'^ o of the corresponding 
irreducible representations. Let Un+i, ■ ■ ■ ,Un+k be the u-coordinates of 
the boxes of the skew Young diagram T \ \ ( one can show that always 
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\ C T). Then for any symmetric polynomial P{xn+i, ■ ■ ■ ,Xn+k) in k 
variables 



+ k 
XSk 



Proof. This proof is modelled after the proof of |Bia98t Proposition 
3.3]. The regular representation of the symmetric group decomposes 
as follows: 

(4.7) C{Sn+k)= V'^V^ 

as an Sn+k x S'^+^-module. The image of the projection q\ ® G 



C(S'n X Sk) acting from the left on the decomposition (4.7) is equal to 



(4.8) (gA ® g^) C(^„+fe) = cl^{v''®V^)(^V'^ = 



which we view as a (S'„ x Sk) x S'„+fc-module and where the multiplicity 
c]^^ G N U {0} is the Littlewood-Richardson coefficient. It follows that 
if we view ( |4.8 ) as a (right) 5'n+A:-niodule, the distribution of a random 



Young diagram associated to it coincides with the distribution of a 
random Young diagram F associated to the outer product o V^. 
Assume that F G O^Sn+k) commutes with the projection qx ® q^ 



and furthermore that F acts from the left on (4.8) as follows: on the 
summand corresponding to 7 G Y^+k it acts by multiplication by some 
scalar which we will denote by F{^). From the above discussion it 
follows that if F is a random Young diagram associated to the outer 
product o then 

Tr F 

EF(F) 



(dimension of the image of q\ ® q^) ' 

where for the meaning of the trace Tr F we view F as acting from the 
left on (4.8). The numerator is equal to the trace of {q\ ® qn)F G 
'C{Sn+k) which we view this time as acting from the left on the regular 
representation, thus it is equal to 

{n + k)\ [(gA ® q,)F]{e) = ^ ^,2 ^.i lix' ® X^FKe). 
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The last factor on the right-hand side can be written as 

geSnXSk 



E ix' ® xni9) F{g) = ix' ® xn (i^iJr.J 



geSnxSk 



where we used the fact that the characters of the symmetric groups 
satisfy x^ig) = X'^i9~^)- Thus 



Sk 

for some constant Cx^^ which depends only on A and /x. In order to 
calculate the exact value of this constant we can take F = 6e E C{Sn+k) 
to be the unit of the symmetric group algebra C{Sn+k) which therefore 
corresponds to a function F : Y„ — > C which is identically equal to 1. 
It follows that Ca,^ = 1 and thus 

(4.9) EF(r) = (x'®x^)(F|^-4). 

We denote by the power-sum symmetric polynomial 

PeiXn+l, ■ ■ ■ , Xn+k) = E] ^n+i- 

l<i<k 

Let Ui,...,Un be the w-coordinates of the boxes of the Young dia- 
gram A. For a given Young diagram 7 G Yn+k we denote by . . . , Un+k 
the u-coordinates of the boxes of 7 \ A; in this way ui, . . . , Un+k are the 
M-coordinates of the boxes of 7. Lemma [4.3| shows that the operator 



(4.10) xleC{Sn+k) 

l<i<n+k 



acts from the right on (4.8) as follows: on the summand corresponding 
to 7 it acts by multiplication by the scalar X]i<i<n+fc • Furthermore 
it does not matter if we act from the left or from the right because 

(4.10) belongs to the center of C(S'„+fc) and thus it commutes with the 
projection q\® q^. 

Lemma 4^ shows that the operator 

(4.11) ^ 

l<i<n 

belongs to the center of the symmetric group algebra C(S'„) therefore 
it commutes with the projector qx ® q^ G C(5'n) ® C{Sk) C C{Sn+k)- 
Furthermore, Lemma 4.3 shows that (4.11) acts from the left on (4.8) 
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as follows: on any summand it acts by multiplication by the scalar 



Si<i<n'"i- follows that the difference of (4.10) and (4.11) 



l<i<n+k 



l<i<n 



l<i<k 



commutes with qx <^ q^j^ and acts on (4.8) from the left as follows: on 
the summand corresponding to 7 it acts by multiplication by 



l<i<n+k 



l<i<n 



l<i<k 



Since power-sum symmetric functions generate the algebra of sym- 
metric polynomials, we proved in this way that P{Xn+i, . . . , Xn+k) 



commutes with q\®q^ and acts on (4.8) from the left as follows: on the 
summand corresponding to 7 it acts by multiplication by P(-u„+i, . . . , Un+k) 
This shows that (4.9) can be applied to F = P(X„+i, . . . , X„+fc) which 
finishes the proof. □ 



Proof of Theorem 4-4' The construction of Fieri growth given in Sec- 



tion 4.1|can be formulated equivalently as follows. First, choose a ran- 



dom Young diagram A„ according to the Flancherel measure of order n; 
in other words A„ is a random Young diagram with the distribution 
corresponding to the left regular representation. Then, conditioned 
on the event A„ = A G Y„, we take {Ai, . . . ,An) to be a vector of 
i.i.d. f/(0, 1) random variables conditioned to have A as its associated 
RSK shape; and then similarly take {Bi, . . . , Bk) to be a vector of i.i.d. 
U{0, 1) random variables conditions to have the single-row diagram (k) 
as its associated RSK shape. 

For F e C(^„ X Sk) we define (ld®x™) F G C(^„) by a partial 
application of the character x^s"^^^ second factor as follows: 



heSk 



trivial 



{h)F{g,h) for geSn, 



where we view {g,h) G Sn x Sk- 

Theorem 14.21 shows that if we condition over the event 



^ ^ A then 

the distribution of the RSK shape associated to the concatenated se- 
quence {Ai, . . . , An, Bi, . . . , Bk) coincides with the distribution of the 
random Young diagram associated to the representation o V^"^'^^ 
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Lemma 4.5 shows that the conditional expected value is given by 



(4.12) E(P( 



■n+l) 



n+k) 



An = A) 



X' 



( (Id ®X*5f'') {P{X, 



n+l) 



1 Xn+k 



SnXSk 



If we view it as a function of A G Y„ then (4.1 ) shows that it corresponds 
to the central element 



(4.13) 



Let us take the mean value of both sides of (4.12). The mean value 
of the left-hand side is equal to the left-hand side of (4.6). The mean 
of the right-hand side, by (4.13) and (4.3), is equal to the right-hand 
side of (4.6). In this way we showed that equality (4.6) holds true. □ 

4.9. Moments of Jucys-Murphy elements. For a G N we define 
the appropriate moment of the random measure rrin^k'- 



Mo = Ma{n,k) 



dm. 



n,k 



n 



E 



Notice that is a random variable. In this section we will find the 
asymptotics of its first two moments: we will not only calculate the 
limits but also find the speed at which these limits are obtained since 
the latter is also necessary for the calculation of the variance VarM^. 
Denote by 



7q 



dC 



sc 



if a is even, 
if a is odd, 



the sequence of moments of the semicircle distribution, where C„ 
_j_ /2m\ (jg^Qi^gg mill Catalan number. We will prove: 

m+l \ m J ^ 

Theorem 4.6. For each a G N we have 

k 



(4.14) 
(4.15) 



EMo = 7a + O 
VarM„ = 0{l + 



k 



k y/n 

This kind of calculation is not entirely new; similar calculations al- 



ready appeared in several papers |Bia95l IBia98t IBiaOlt ISni06ai ISni06b 
in the special case k = 1. Our calculation is not very far from the ones 
mentioned above; in fact in some aspects it is simpler than some of 
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them since we study a particularly simple character of the symmetric 
group Sn, namely X^s^"^'^'^ corresponding to the regular representation. 



4.9.1. The mean value of M^- Theorem 4.4 shows that 
(4-16) EM. = I n-t [xsr^ ® xS"") ( E ^^4^4 

\l<j<fc y 

The problem is therefore reduced to studying the element 
(4.17) 

l<i<k l<i<k l<ji,-..,ja<n+i-l 

We say that S = {Si,...,^^} is a set-partition of some set Z if 
El, . . . ,Ei are disjoint, non-empty subsets of Z such that Hi U ■ ■ ■ U 
= Z. We denote by |S| the number of parts of S, which is equal 
to i. There is an obvious bijection between set partitions of Z and 
equivalence relations on Z. 

For a given summand contributing to the right-hand side of (4.17) 
we define the sets 

Z^ = {ee{l,...,a}:j,<n}, 

Zn = {ie{l,...,a}:je>n + 1}. 

We also define a set-partition S of the set Zs which corresponds to the 
equivalence relation 

pr^ q jp = jg, for p,qe Z^. 

In an analogous way we define a set-partition 11 of the set Zu- 

It is easy to see that if 1 < i < k, ji, . . . , ja < n + i — 1 and 
Ki' < 

ill ■ ■ ■ ij'a n -\- i' — 1 are such that the corresponding set- 
partitions coincide: S = S' and 11 = 11' then there exists a permutation 
g E Sn y< Sk with the property that g{i) = i', g{je) = ][■ It follows that 
the corresponding summands 

iji + i,ii)---{ri + i,ic) and {n + i\ ][) ■ ■ ■ [n + i\ j'^j 



are conjugate by a permutation g G Sn ^ Sk- This implies that the 
corresponding characters 



are equal. This shows that we can group together summands of (4.17) 
according to the the corresponding partitions E and 11. 

The contribution to (4.16) of any summand corresponding to given 
set-partitions 11 and S is equal to zero if (n+i, ji) ■ ■ ■ (n+i, j.) restricted 



JEU DE TAQUIN DYNAMICS ON INFINITE YOUNG TABLEAUX 



37 



to Sn is not equal to the identity for any representative . . . ,ja- 
Otherwise, the total contribution of all such summands is equal to 

inp 



(4.18) - n~2 




l)|n| 



O n 



2 |S| + |n|-a 



k 



where 



^ 



1) 



£ factors 

denotes the falling factorial. 

Assume that the partition S has a singleton {£}. Then it is easy to 
check that the element ji G {1, . . . , n} is not a fixed point of the product 
(n + ■ ■ ■ {n + i,ja), hence the contribution of such partitions S is 
equal to zero. This means that we can assume that every block of E 
has at least two elements. It follows that 2 |S| + |n| < \Zy.\ + \Zyi\ = a- 
On the other hand, from the assumptions it follows that = o(l). 
There are the following three cases. 



Suppose that 2 |E| + |n| < a and |n| > 1. Then (4.18) is equal 
to 



Suppose that 2 
equal to 



|n| < a - 1 and |n| > 0. Then (4.18) is 



O 



n 



Suppose that 2 |S| + |n| = a and |n| = 0; in other words, all 
blocks of S have exactly two elements and the partition 11 is 



empty. Then the left-hand side of (4.18) is equal to 



1 + 



n 



this is the only case when the limit of (4.18) is non-zero. 
The above discussion shows that 



EM„ = Const^ +0 - + 



k 



n 



Consta +0 



where Consto is some constant which depends only on a. In this way 
we showed that the limit limEMo, = Const^ of (4.16) is the same as 
in the simpler case A; = 1, related to a single Jucys-Murphy element. 
This case was computed explicitly by Biane |Bia95] . who showed that 



7q 
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which imphes that Consta = 7q, and proves (4.14). 



4.9.2. The second moment of M^- We now calculate the second mo- 
ment of the random variable M„. We have that 



(4.19) EMl 



1 (g) 



A;2 



^ [Xs: 



a<ii<k l<i2<k 



SnXSk, 



SO, similarly as in Section 4.9.1, the problem is reduced to studying the 
element 



EE E 

l<ll,l2<k l<jl,.--,ja<n+ll-l I<ja + l,...,j2a<n+l2-l 

{n + zi, ji) ■■■{n + ii,ja){n + ^2, ja+i) ■ ■ ■ {n + 12,320) G C{Sn+k)- 



In an analogous way we define sets Zs, C {1, . . . , 2a} and the corre- 
sponding partitions E and 11. In this case, however, the analysis is more 
difficult, which comes from the fact that it is possible that jt = n + ig 
for some values of i and q. If this happens, then we say that the block 
of n which contains i is special. We can again group summands ac- 
cording to the corresponding set-partitions E, 11 (and the information 
about which of the blocks of 11 is special, if any). The detailed analysis 
follows. Just as before one can assume that every block of E contains 
at least two elements. 



Case 1: ii = 12- The total contribution of the summands of this form 
is just equal to j:'EM2a- We already calculated the asymptotic behavior 

of such expressions; it is equal to l'y2a + O j • 

Case 2: ii < 12. Here we divide into two sub-cases. 

Case 2A: there exists a special block, i.e. = n + ii for some 
index C.. If the contribution is non-zero, then it is non-negative 
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1 



k 



2 " y'^m 



( E (^2-l)|n|-i) 
\i<n<i2<fc / 



1 2 |S| + |n|-2a / k 

O \ - n 2 

k \ \/n 



|np 



O 



Case 2B: there is no special block, i.e. ji, . . . ,j2a are all dif- 
ferent from ii and 12- In this case we divide into two further 
sub-cases. 

Case 2B(i): 11 is not empty. If the contribution is non- 
zero, then it is non-negative and bounded from above by 



(4.20) 



1 



( E (^2-l)|n|) 

\l<jl<j2<fc / 



A:\l"l\ ^fk 



2 |S| + |n|-2a 

O \ n 2 

Case 2B(ii): 11 is empty. In this case the contribution of 



all such summands to (4.19) does not depend on ii and ^2 
and can be written as 



fc2 



^ Xs, 



regular 



( ya I 'S'n-i-i 



From the proof of Eq. (5.1.2) in |Bia98] it follows that 



regular 



a/2 



n 



VOL 



5n + l 



lim 

n— >oo 



regular 



n 



5n+l 



and therefore 



regular 



n' 



3n + l 



{laf + 0'^ 

n 



It follows that (4.20) is equal to 
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Case 3: ii > 12- This case is analogous to Case 2 above. 
To summarize, we have shown that 



EM2 = (7,)2 + 0(- + 



Since Var M„ = EM2-(EMc,)^ combining this with <\A.IA\ we get (|4.15D 



which finishes the proof of Theorem 4.6 



□ 



4.10. Proof of Theorem 4.1| , By Theorem 4.6 we get using Cheby- 
shev's inequahty that for any e > and any a G N, 



(4.21) 



Prob(|M,-7,|>e)=0(- + 



k 



Furthermore, for each e > and m G M there exists a 5 > and an 
integer A > with the property that if m is a probabihty measure on 
M such that its moments (up to order A) are (5-close to the moments 
of £sc then \Fjn[u) — Fsc(m)| < e. If this were not the case, then there 
would exist a sequence of measures which converges in moments to 
£sc but does not converge weakly to £sc; which is not possible, since 
£sc is compactly supported and therefore uniquely determined by its 



moments |DurlOt Section 3.3.5]. So we get from (4.21) that for any 



u G 



Prob(|F„„^,(M)-Fsc(M)| >e) < ^ Prob (|M„ - 7„| > 5) 



which proves the claim. 



0=1 



O ( - + — 

k \fn ' 



□ 



5. The asymptotic determinism of RSK and jeu de taquin 



5.1. The asymptotic determinism of RSK 
will need in our proof of Theorems 



1.1, 1.4 and 1.5 



A key fact which we 
and which is also of 



interest by itself, is the following: when applying an RSK insertion step 
with a fixed input z G [0, 1] to an existing insertion tableau P„ which is 
the result of n previous insertion steps involving random inputs which 
are drawn independently from the uniform distribution ?7(0, 1), the 
macroscopic position of the new box that is added to the RSK shape 
depends asymptotically only on the number z being inserted. We refer 
to this phenomenon as the asymptotic determinism of RSK insertion. 
Its precise formulation is given in the following theorem, whose proof 
will be our first goal in this section. 
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Theorem 5.1 (Asymptotic determinism of RSK insertion). Let 

Fsc(t) = Fc,,{t) = 1 + 1 (^^^^ +sin- (0) (-2 < t < 2), 

denote as before the cumulative distribution function of the semicircle 
distribution Csc- z G [0, 1]. For each n > 1, let (A„, P„, Qn) be the 
(random) output of the RSK algorithm applied to a sequence Xi, . . . , X„ 
of i.i.d. random variables with distribution f/(0, 1), and let 

□n(2;) = {in, in) = Ins(Xi,X2,. . ■ , X^, z) 

denote the random position of the new box added to the shape A„ upon 
applying a further insertion step with the number z as the input. Then 
we have the convergence in probability 



n {in- jn,in+ jn) ^ {u{z),v{z)) aS U ^ OO, 

where u{z) = Fg(^{z) and v{z) = n^(u{z)). Moreover, for any e > 0, 

n'^^^ {in-Jn,in+Jn) - {u{z),v{z)) 



(5.1) Prob 



> e 



O n-^ 



Proof. We consider first the case z G {0, 1}: for z = the box will 
be added in the first column and for 2; = 1 the box will be added 
in the first row, and the question becomes equivalent to the standard 
problem of finding the asymptotics of the length of the first row and 
the first column of a Plancherel-distributed random Young diagram, 
or equivalently of the length of a longest increasing subsequence in 
a random permutation. The large deviations results in the papers 
|DZ99l Sep98| immediately imply our claim in that case. 

Next, fix z G (0,1) and e > 0. Denote u = F^(^{z) G (-2,2) and 
u' = u + e/A = F^(^(z) +e/4. The cumulative distribution function Fsc 
is strictly increasing on [—2,2]; it follows that Fsc(m') > -^sc(^) = 
Choose some A > in such a way that z + A < Fsc{u') < 1. 

Set k = kin) = \n^/'^] . Let X = (Xi, . . . , X„) G [0, 1]" be a sequence 
of i.i.d. U{0,1) random variables, and let Y = (Yi,...,Yfc) G [0,1]'' 
be a sequence of i.i.d. [/(0, 1) random variables conditioned to be in 
increasing order. The RSK shapes A„ and Tn+k associated with the 
sequences X and XY, respectively, are a Fieri growth pair as defined 
in Subsection 14. 1[ 

Denote r = \_k{z + A)J < k. Note that, by interpreting the random 
variables Yi,...,!^ as the order statistics of k i.i.d. U{0,1) random 
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variables Zi , . . . , , we have that 

Prob {Yr < z) = Prob (at least r of the Z/s are < z) 



j=r 



where 5*^,2 is a random variable with a binomial distribution Binom(/c, z). 
By standard large deviations estimates, we therefore have that for some 
constant C > 0, 

Prob {Yr <z) = (e-^^) = O (e-^"'^') as n ^ oo. 

Let Un+i < • • ■ < Un+k be the u-coordinates of the boxes of Tn+k \ 
written in the order in which they were inserted during the application 
of the RSK algorithm. Assume that the event {Yr > z} occurred; then 
parts [(c)] and (d) of Lemma 2.4 imply that 

□„ = Ins(X;2) ^ Ins(XFi ...Yr). 

It follows that 

in — in) = ("U-coordinate of □„) < —=Un+r- 
n ' \/n \ n 



Now apply Theorem 4.1 , to get that 

Prob ( |Fsc(u') - i^^„,,(«')| >i^sc(^^') - (^ + A) 



where m„,fc is the empirical measure of . . . , Un+k- Outside of this 
exceptional event, we therefore have that 

^<2; + A<F™„,,(mO, 

which, because of the meaning of the empirical measure, implies that 

1 



Un+r <u' = U + el'i 

n 



To summarize, the above discussion shows that 

(5.2) -^{in- 3n) <u + e/A 

In 



holds with probability > 1 — O (n"^/'^) . In order to obtain an inequality 
in the other direction we define (X{, . . . , X^) = (1 — Xi, . . . , 1 — X„), 
and let 

□n(^) = (C, J^) = Ins(X[,X^, . . . 1 - z). 
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Inequality (5.2) in this setup shows that 
(5.3) ^ 



^n-J;)<Fsc(l-^) + e/4 



holds, except on an event with probability O (n ^/^) . But note that 
first, by Lemma 2.E|Kb) 



l^n' Jn) 



distribution is symmetric, which implies that -FgJ(l — z) = — FgJ(^2; 



(jnjin), and second, the semicircle 

z) 



So (5.3) translates to 



(5.4) 



n 



{in - jn) >u-e/A 



Combining ( |5.2[ ) and (5.4), we get that 



Prob 



n 



3r 



u 



> e/4 



O (n-i/^) 



Since the function Q^, is Lipschitz with constant 1, by appealing to 



Theorem 3.1 we also get that 



Prob 



n 



(in+jn) - ^*{u) 



> e/2 



0(e- 



+ O [n-'/^) = O (n-i/^) 



These last two estimates together immediately imply (5.1) 



□ 



5.2. Asymptotic determinism of jeu de taquin. We now use the 

relationship between RSK insertion and jeu de taquin formulated in 



Lemma |2.3| to deduce from Theorem 5A an analogous statement that 
applies to jeu de taquin, namely the fact that prepending a fixed num- 
ber z G [0, 1] to n i.i.d. f/(0, 1) random inputs Xi, . . . , X„ causes the jeu 
de taquin path to exit the RSK shape at a position that is macroscop- 
ically deterministic in the limit. We call this property the asymptotic 
determinism of jeu de taquin, and prove it below. In the next section 
we will deduce Theorems ll.ll and ll.5l from it. 

Theorem 5.2 (Asymptotic determinism of jeu de taquin). Let (A„)^^ 
be an i.i.d. sequence of random variables with the f/(0, 1) distribution. 
Fix z G [0, 1]. Let (q„(2))^^ be the natural parametrization of the jeu 
de taquin path associated with the random infinite Young tableau 

RSK(z,Ai,X2,...), 

and for each n > 1 denote q,n{z) = {in,jn)- Then we have the almost 
sure convergence 



(5.5) 



n 



-1/2 



{in 



+ Jn) ^ ( - U{Z),V{Z)) 



as n — 7- cxD, 
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where u{z) and v{z) are as in Theorem 5.1 



Note that in the setting of Theorem 5.2 it is possible to talk about 



X„), and 

. . . , Xn ) ■ 



almost sure convergence, since the random variables are defined on a 
single probability space. 

Proof. For each n > 1, let (n„+i, P„+i, denote the output of 

the RSK algorithm applied to the input sequence {z,Xi, . . . . 
let (A„, Pn, Qn) denote the output of RSK applied to (Xi 
Lemma 12.31 shows that ^ 

Qn = i{Qn+l)- 

An equivalent way of saying this is that the box q„ is the difference of 
the RSK shapes n„+i and A„. 

On the other hand, let us see what happens when we reverse the 
sequences: by Lemma 2.5|[a) the RSK shape associated to the sequence 
{Xn, ■ . . ,Xi,z) is equal to (n^+i)* and the RSK shape associated to 
. . . ,Xi) is equal to A^. Therefore the box (the reflection of 
q„ along the principal diagonal) is the box added to the RSK shape of 
X„, . . . , Xi upon application of a further RSK insertion step with the 
input z. This is exactly the scenario addressed in Theorem 5.1 (except 
that the order of Xi, . . . ,X„ has been reversed, but that still gives a 
sequence of i.i.d. f/(0, 1) random variables). Substituting q^ for d„ in 
that theorem, we conclude that, for any e > 0, 



Prob 



im ~l~ in) 



-u{z),v{z)) 



> e 



O . 



This implies a weaker version of (5.5) with convergence in probability. 



To improve this to almost sure convergence, we will use the Borel- 
Cantelli lemma, but this requires passing to a subsequence flrst to get 



a convergent series. Setting n, 

oo 



1/4 



< 



m=l 



m 



E 



m=l 



we get that 



m 



< oo, 



so from the Borel-Cantelli lemma we get that for any e > 0, almost 
surely 



a^'^ iin^- 3n^^n^+ 3nJ " {-u{z),v{z)) 



< t 



holds for all m large enough. This means that we have the almost sure 
convergence in (5.5) along the subsequence n = n^. Finally, note that 
Um+i/nm — )■ 1 as m — !■ OO. It is easy to see that this, together with 
the fact that the path (q„)„ advances monotonically in both the x and 
y directions, guarantees (deterministically) that convergence along the 
subsequence implies convergence for the entire sequence. □ 
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6. Proof of Theorems |1.4| and |1.5 



Proof of Theorem \l . 1\ Let Xi,X2, ... be an i.i.d. sequence of ?7(0, 1) 
random variables, and let (q„)^^ be the natural parametrization of 
the jeu de taquin path of the (Plancherel-distributed) RSK image of 

Conditioning on the 
By Fubini's 



1 ]r, 



the sequence, denoting as before = 
value of Xi, the situation is exactly that of Theorem |5.2 



theorem, the almost sure convergence in that theorem therefore implies 
that almost surely (even taking into account the randomness in Xi), 



lim n ^^"^i 



It follows in particular that the limit 



lim 



(cos 9, sin 9) 



exists almost surely, where 9 is the random variable defined by 



cot(7r/4 - 9) 



(as in the proof of Theorem 3.3, the it /A comes from the rotation of the 
(u, f )-coordinate system relative to the standard one). Since (qn)n is 
merely a slowed-down version of the original jeu de taquin path {pk)k, 
i.e., qn = PK(n) where K{n) < n for all n and K{n) f oo almost surely 
as n — )■ oo, it follows also that 



Pfc 
|Pfe| 



(cos 9, sin 9) as A; — )■ oo. 



It remains to verify that 9 has the distribution given in (1.8). This 



follows from Theorem 3.3, which already identifies the correct distri- 
butional limit. To argue a bit more directly, note that by the defini- 
tion of u{z), the random variable u{Xi) (and hence also —u{Xi)) is 
distributed according to the semicircle distribution on [—2,2]; i.e., it 



is equal in distribution to the random variable U from Theorem 3^ 
Similarly, v{Xi 



theorem. So 9 



^7*(— m(Xi)) is equal in distribution to V from that 
I — cot^"'^(— f (Xi)/m(Xi)) is equal in distribution to 
I — cot~^(y^/f/). This is exactly the random variable whose distribution 
was shown in the proof of Theorem 3.3 to be given by (1.8). □ 



Proof of Theorems L4_ and L5_. From the discussion in Section |2| we 
know that there is a measurable subset A G B oi [0, 1]^ with Leb® (A) = 
1 and such that the map RSK : A — )■ f2 is defined on A, and satisfies the 



homomorphism property (1.11). To define the inverse homomorphism. 
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let 5 G J-" be the set 

B = \ t E Q : lim \ exists 

This is the event in Q on which the random variable G from Theo- 
rem [lT] is defined, and we proved that P{B) = 1. Since J is a measure- 
preserving map, the event 

oo 

C = Pi J-'\B) = {Qn := e o J'^-i exists forn = 1, 2, . . .} 

n=0 

also satisfies P(C) = 1. On this event, we define a map A : C — )■ [0, 1]^ 
by 

A{t) = (Fq (01 (t)) , Fe (e2(t)) , Fe {Qsit)) ,...). 

Clearly, A is a measurable function since each of its coordinates is 
defined in terms of the measurable functions J and on Q. Now, 
take some sequence x = (xi,X2,---) G A n RSK~^(C), and denote 
t = RSK(x). Following the argument in the proof of Theorem 
above, we see that 6i = Oi(t) is related to Xi via 

— cot(7r/4 — O) = v{xi)/u{xi). 

In particular, is a strictly increasing function of xi, so, since we also 
know that the measure Leb®^ induces the uniform distribution f/(0, 1) 



on Xi and the distribution (1.8) on B, it follows that this functional 
relation can be alternatively described in terms of the cumulative dis- 
tribution function of G, namely 

x^ = Fe{Ql). 

Now apply the same argument to J{t). By the factor property, we get 
similarly that X2 = Fq{Q o J{t)) = F0(02(t)). Continuing in this way, 
we get that x„ = -F0(O„(t)) for all n > 1, in other words that 

A{t) = X, 

which shows that A is inverse to RSK on the set A n RSK-^(C). This 
finishes the proof. □ 

7. Second class particles 

In this section we take another look at our results on jeu de taquin 
on infinite Young tableaux, this time from the perspective of the theory 
of interacting particle systems. As we mentioned briefiy in the intro- 
duction, it turns out that there is a very natural and elegant way to 
reinterpret the results on the jeu de taquin path of a random infinite 
Young tableau as statements on the behavior of a second class particle 
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in a certain interacting particle system associated with the Plancherel 
measure, which we call the Plancherel- TASEP particle system. This 
is not only interesting in its own right; it also draws attention to the 
remarkable similarity of our results to the parallel (and, so far, better- 
developed) theory of second-class particles in the TASEP. 

7.1. Rost's mapping. Before introducing the all-important concept 
of the second-class particle, let us start by recalling a simpler mapping 
between growth sequences of Young diagrams (i.e., paths in the Young 
graph) and time-evolutions of a particle system, without the presence 
of a second-class particle. To our knowledge, this mapping was first 
described in the classical paper of Rost |Ros81] . Here, the particles 
occupy a subset of the sites of a lattice — usually taken to be Z, but 
for our purposes it will be more convenient to imagine the particles 
as residing in the spaces between the lattice positions, or equivalently 
on the sites of the shifted (or dual) lattice Z' = Z + ^. The mapping 
can be described as follows: given a Young diagram A G Y, draw the 
profile (px of A in the Russian coordinate system, then project each 
segment of the graph of (pxiu) where u ranges over an interval of the 
form [m, m + 1] down to the -u-axis. In the particle universe, a segment 
of slope —1 corresponds to the presence of a particle at the Z' lattice 
site m+^, and a segment of slope +1 translates to a vacant site (often 
referred to as a "hole"), at position m + |. A site containing a particle 
is said to be occupied. 

It is now easy to see that the allowed transitions of the Young graph 
(adding a box to a Young diagram A to get a new diagram u) correspond 
to the following "exclusion dynamics" on the particle system: a particle 
in position may jump one step to the right to position (m-M)-|-|, 
and such a jump is only possible if site (m + 1) + ^ is currently vacant. 
This is illustrated in Figure |8j For consistency with the more general 
theory of exclusion processes, we refer to these transition rules as the 
TASE (Totally Asymmetric Simple Exclusion) rules. 

Note also that the empty Young diagram corresponds to an initial 
state of the particle system wherein the positions m + ^ are occupied for 
m < and vacant for m > 0. Thus, the mapping we described trans- 
lates statements about infinite paths on the Young graph starting from 
the empty diagram to statements about time-evolutions of the particle 
system starting from this initial state. Note that the mapping is purely 
combinatorial — we have not imposed any probabilistic structure yet. 

7.2. Enhanced particle systems. Next, we describe how the struc- 
ture of the particle system may be enhanced by the addition of a new 
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■» U 



-6 -5 -4 -3 -2 -1 1 2 3 4 5 6 



Figure 8. A sample configuration of particles on the 
shifted lattice U corresponding via Rost's mapping to 
the Young diagram (4,3,2). Particles are depicted by 
filled circles, empty slots by empty circles. The addition 
of the dotted box would correspond to a jump of one of 
the particles one site to the right; such a jump can occur 
whenever the site to the right of a particle is vacant. 

kind of particle, referred to as a second-class particle, whose behavior 
is different from that of both ordinary particles and that of holes. Such 
a particle emerges from an extension of Rost's mapping defined above, 
described by Ferrari and Pimentel [FP05]. Consider an infinite path 

(7.1) = Ao/Ai/^A2/^... 

on the Young graph starting from the empty diagram. From the empty 
diagram the path always moves to the single-box diagram Ai = (1). 
Note that at this point, in the corresponding particle world there is a 
single pair consisting of a hole lying directly to the left of a particle. 
Following the terminology of |FP05] . we call this pair the *-pair, and 
call the hole on the left side of the pair the *-hole and the particle 
on the right the * -particle. In a picture visualizing this system we 
highlight the *-pair by drawing a rectangle around it; see Figure |9} We 
refer to a particle configuration with a *-pair as an enhanced particle 
configuration, and call the configuration corresponding to the diagram 
Ai the initial state. 

Next, introduce dynamics to the enhanced particle system by noting 
that when the *-particle jumps to the right, it swaps with a hole. Thus, 
in such a transition a triplet of adjacent sites in a "hole-particle- hole" 
configuration (of which the leftmost two sites represent the *-pair) 
becomes a "hole-hole-particle" triplet. Following such a transition, we 
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Figure 9. The initial state of an enhanced particle system. 







(b) 



Figure 10. Transitions in an enhanced particle system. 
Transitions not involving the *-pair obey the usual TASK 
rules. The possible transitions involving a *-pair are: 
when the rightmost particle in a *-pair jumps to the 



right, the *-pair also moves to the right; (b) when the 



leftmost hole in a *-pair is pushed to the left by a particle 
jumping on it, the *-pair moves left. 



designate the rightmost two sites of the triplet as the new *-pair. In 
other words, one can say that the *-pair has jumped one step to the 
right, trading places with the hole to its right. 

Similarly, another possible transition involving a *-pair is when a 
"particle-hole-particle" triplet, of which the two rightmost positions 
form a *-pair, becomes a "hole-particle-particle" triplet due to the *- 
hole being jumped on by the particle to its left. In this case, following 
the transition we designate the leftmost two particles as the new *- 
pair, and say the *-pair jumped one step to the left. These rules are 



illustrated in Figure 10 
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(b) 



Figure 11. A particle system with a second-class parti- 
cle (represented as a diamond) and the allowed transi- 
tions involving the second-class particle. Other transi- 
tions obey the TASE rules. 



7.3. Simplifying the *-pair. We have described the strange-looking 
rules of evolution of a particle system enhanced by a so-called *-pair. 
One final simplification step will make everything much cleaner and 
more intuitive. Since a *-pair always consists of a particle with a hole 
to its right, we may as well consider the pair as occupying a single 
lattice position, by contracting the two adjacent positions into one, thus 
effectively "shortening" the lattice by one unit. The result, illustrated 
in Figure 11, is that now there are three types of sites: those occupied 
by an "ordinary" particle, holes, and a special site representing the 
*-pair, which is of course the second-class particle. In this context we 
refer to the ordinary particles as first-class particles. Now the transition 
rules become much more intuitive: a second-class particle (similarly to 
a first-class particle) can swap with a hole to its right but not with a 
first-class particle; and it can swap with a first-class particle to its left 
(which we think of whimsically as the first-class particle "pulling rank" 
to overtake it, pushing it back to an inferior position in the infinite line 
of particles — hence the "class" terminology), but not with a hole. 
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7.4. The second class particle and the jeu de taquin path. Now 

comes a key observation, which can be understood implicitly from the 
discussion in |FP05] by an astute reader, but which (so far as we know) 



is made here explicitly for the first time. Take an infinite sequence (7.1 ) 
of growing Young diagrams, and assume that it has a recording tableau 
t = iti,j)ij=i- Let {(in)'^=i be the jeu de taquin path of the infinite 
Young tableau t given in the natural time parametrization as defined 



in Section 3.3, and denote by (a„, 6„) = q„ the coordinates of q„. 



Proposition 7.1. For each n > 1, let u{n) denote the position at time 
n of the second-class particle in the particle system associated with the 



sequence (7.1) via the mapping described in the previous section, where 
we choose the origin of time and space such that its initial position is 
m(0) = 0. Let v{n) denote the number of times the second-class particle 
moved up to time n. Then we have 

u{n) = a^+i - bn+i, v{n) = a^+i + bn+i, {n>0). 

In words, the result says that if one considers the rotated {u,v) 
coordinate of the natural (a.k.a. "lazy") parametrization of the jeu de 
taquin path, the sequence of ^-coordinates gives the trajectory of the 
second-class particle, and the ^-coordinates parametrize the number 
of jumps of the second-class particle. In particular, the sequence of 
M-coordinates of the ordinary (non-lazy) jeu de taquin path {pk)'kLi 
can be interpreted as the positions of the second-class particle after 
its successive jumps, in a time parametrization in which all jumps not 
involving the second-class particles do not "move the clock" . 

Proof. Denote u'{n) = a„+i — 6„+i and v'{n) = a^+i + bn+i- We prove 
by induction on n that u{n) = u'{n), v{n) = v'{n). For n = we 
have (m'(0),w'(0)) = ('u(0),v(0)) = (0,0). For the induction step, it is 
helpful to go back to the enhanced particle system picture, and con- 
sider the position u{n) of the second-class particle at time n to be 
the midpoint between the positions of the *-hole and *— particle (this 
is compatible with the choice of origin for which u{0) = 0, since in 
the initial state the *-hole and *-particle are at positions ±^). Now 
consider possible changes in the vectors {u{n),v{n)) and {u' (n) , v' (n)) 
when we increment n by 1. For {u{n),v{n)), we have that 

(7.2) {u{n + l) -u{n),v{n-^l) -v{n)) 

'—1, 1) if the *-pair moved left at time n, 
'1, 1) if the *-pair moved right at time n, 
(0, 0) otherwise. 
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■» U 



Figure 12. The allowed transitions of the *-pair in the 
enhanced particle system and the corresponding effect on 
the associated Young diagram. A move of the *-pair to 
the left or right corresponds to a north-west or north-east 
step, respectively, of the jeu de taquin path in Russian 
coordinates. 



For from the definition of the jeu de taquin path it is 

easy to see that 



(7.3) {u\n + 1) - v:{n),v\n + 1) - v\n)) 

-1,1) if \n+2 \ An+1 
^1, 1) if Xn+2 \ Xn+l 

(0, 0) otherwise. 



{{cLn+l.hn+l + 1)}, 
{(Ctn+l + l,&n+l)}, 



where Am denotes the mth Young diagram in the Young graph path 
associated with the particle system (recall that time in the enhanced 
particle system corresponds to the diagram Ai = (1), not Aq = 0, which 
explains the discrepancy in the indices on both sides of the equation). 

Finally, as Figure 12 illustrates, it is easy to see that each of the three 
cases in (7.2) is equivalent to the corresponding case in (7.3). Thus, 
we have that 

{u{n + l) —u{n),v{n + l) —v{n)) = {u{n + l)—u{n),v'{n + l)—v'{n)), 
which is just what was needed to complete the induction. □ 



7.5. Stochastic models. We are finally ready to consider probabilistic 
rules for the evolution of a particle system equipped with a second-class 
particle as described above. Thanks to the mapping taking a path on 
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the Young graph to such a system, it is enough to specify the rules of 
evolution for a randomly growing family of Young diagrams. 

7.5.1. The Plancherel-TASEP. Naturally, the first rule we consider is 
the particle system associated with the Plancherel growth process (or, 
equivalently, with the Plancherel measure). We call this the Plancherel- 



TASEP particle system; it is the process mentioned in Theorem 1.2 
which we formulated in the introduction without explaining its precise 
meaning. Finally we are in a position to prove it. 



Proof of Theorem L2_. By Theorem 7.1, the random variable X{n) in 
the theorem is simply the w-coordinate a„+i — hn+i of the natural 
parametrization q„ = {an,bn) of the jeu de taquin path of a random 
infinite Young tableau chosen according to Plancherel measure. In the 
proof of Theorem 1.1 in Section |6] we already saw that after scaling by 



a factor of ra"^/^, this random variable converges a.s. to a limiting ran- 
dom variable W having the semicircle distribution. This was exactly 
the claim to prove. □ 

7.5.2. The TASEP. A second natural and much-studied process is the 
Totally Asymmetric Simple Exclusion Processes, or TASEP, introduced 
by Spitzer |Spi70] (this is a special case of the much wider family of 
exclusion processes, and we also consider here the TASEP itself with 
only a specific initial state. For the general theory of such processes, 
see |Lig85| ). Here, we consider the simple random walk on the Young 
graph starting from the empty diagram 0. It is useful to let time flow 
continuously, so the random walk is a process {Jlt)t>o taking values in 
the Young graph Y, such that, given the state of the walk lit = A at 
time t, at subsequent times the walk randomly transitions to each state 
V with A z/ at an exponential rate of 1. Equivalently, each box in 
position (i,j) gets added to the randomly growing diagram with an 
exponential rate of 1, as soon as both the boxes in positions {i — 1, j) 
and {i,j — 1) are already included in the shape (where each of these 
conditions is considered to be satisfied if z = 1 or j = 1, respectively). 
This random walk is usually referred to as the corner growth model. 

A fundamental result for the corner growth model is the following 
limit shape result, proved by Rost |Ros81] . which is the analogue of 
Theorem 13.11 for this model. 



Theorem 7.2 (The limit shape of the corner growth model). Let At = 

Aut be the planar region associated with the random diagram Ut as 



in (3.1). Define 

L = {{x,y) G [0,oof : 1}. 




Figure 13. A rescaled random Young diagram in the cor- 
ner growth model and its hmit shape. The curved bound- 
ary of the hmit shape is a rotated parabola, given by the 
equation \/x + = 1, (0 < a;,?/ < 1). In Russian coor- 
dinates, it has the equation v = ^(1 + u^), \u\ < 1. 



Then for any e > we have that 



Prob 



(1 -e)L C t-^At C (1 + e)L 



1 as t —)■ oo. 



Next, we can define the TASEP (without a second-class particle) 
as the continuous-time interacting particle system associated with the 



corner growth model via Rost's mapping described in Section [TA] This 
particle system follows the combinatorial TASE rules described above 
for the valid particle transitions, but now in addition the probabilistic 
dynamics governing these transitions are very intuitive rules, namely 
that each particle can be thought of as having a Poisson "clock" (in- 
dependent of all others) of times during which it attempts to jump to 
the right, succeeding if and only if the space to its right is vacant. In 
other words, in probabilistic language we will say that the resulting 
process is a Markov process with an infinitesimal generator that can 
be explicitly written and encapsulates this intuitive interpretation. 

Finally, if we add the second-class particle by considering the "en- 
hanced" version of Rost's mapping, we get a richer system following 
the TASE rules with the additional rules governing transitions involving 
the second-class particle. And again, the probabilistic laws governing 
these transitions can be described in the language of Markov processes. 
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or equivalently in terms of each of the first- and second-class particles 
having a Poisson process of times during which it will attempt to jump. 
The following result, proved by Mountford and Guiol |MG05] . is a 



precise analogue for the TASEP of Theorem L2, and puts our own 
result in an interesting context. 

Theorem 7.3. Fort > 0, let X{t) denote the location at time t of the 
second-class particle in the TASEP with the initial conditions described 
above. As t ^ oo, the trajectory of the second-class particle converges 
almost surely to a straight line with a random speed. More precisely, 
the limit 

t— >oo t 

exists almost surely and is a random variable distributed according to 
the uniform distribution U{—1, 1). 



A weaker version of Theorem 7.3 was proved earlier by Ferrari and 



Kipnis |FK95] . It is also worth noting here that the study of trajecto- 
ries of second-class particles in the TASEP, and some of their higher- 
order generahzations (e.g., third-class, fourth-class particles, etc.) in 
the process known as the multi-species TASEP, is an active field that 
has brought to light very interesting results in the last few years, see the 
recent works |AAVlll IAHR091 IFGM091 IFP05] . The paper |AHRV07j 
also studies particle trajectories in the uniformly random sorting net- 
work, which is an interacting particle system induced by a natural 
probability measure on Young tableaux that shares some characteris- 
tics with Plancherel measure (for example, the semicircle distribution 
plays a special role in that context as well). The authors of [AH RV07] 
make detailed conjectural predictions about the asymptotic behavior 
of particle trajectories in that model. It would be interesting to see if 
some of the techniques used in the current paper may be applicable to 
the study of these conjectures. 



As a final note on the analogy between Theorem 1.2 and Theo- 
rem 7.3, we remark that the time parametrization of the Plancherel- 
TASEP process is somewhat unnatural from the point of view of track- 
ing the second-c lass particle, and this is what accounts for the scaling 
n^/^ in Theorem 1.2, which causes the second-class particle to appear to 



slow down over time. As we mentioned briefly in the introduction, one 
can argue that it makes more sense to replace the time parameter t in 



(1.10) by t^, leading to particle system dynamics in which changes oc- 
cur at a constant time scale in each microscopic region (including in the 
vicinity of the second-class particle). With such a parametrization, the 
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intuitive meaning of Theorem L2 becomes more similar to that of The- 
orem 7^, namely that the second-class particle moves asymptotically 
with a limiting speed, which is a random variable whose distribution 
can be computed (i.e., U{—1, 1) in the case of the TASEP; £sc in the 
case of the Plancherel- TASEP). 

7.6. Competition interfaces in the corner growth model. In the 

previous subsections we reinterpreted the results on the jeu de taquin 
path of a Plancherel-random infinite Young tableau in terms of the 
second-class particle in the Plancherel- TASEP particle system. One 



can also go in the opposite direction, taking Theorem |7.3| above on the 
behavior of a second-class particle in the TASEP and reformulating it 
in the language of the corner growth model, or equivalently, infinite 



Young tableaux. Indeed, such a reformulation of Theorem 7.3| is the 



central idea in the paper by Ferrari and Pimentel |FP05] . While the 
authors of that work do not mention Young tableaux and apparently 
did not notice the connection to the jeu de taquin path, made explicit 



in Theorem 7.1 above, they phrased the result in terms of what they 
call the competition interface, which is the boundary separating two 
competing growth regions in the corner growth model. It is worth 
recalling this concept, which is interesting in its own right, and noting 
how it interacts with our point of view. 

The idea is as follows. Thinking of the diagram IIj as a collection of 
boxes (each represented as a position in N^), we decompose it into the 
box (1, 1) (assuming t is large enough so that Ilf ^ 0) together with a 
union of boxes of two colors 

green , , -prred 



Ut = {(i,i)}unr^"un 



so that the planar region At associated to Ut is also decomposed into 
a union of the regions 

^= ([0,1] X [0,1]) U 

U [z-l,^]x[j-l,j] uj U [2-l,z] X [j-l,j] 

=: [0, 1]2 U ^r^" U Al"". 

The color of a box G Ut is determined as follows: when the box 
is added to the randomly growing Young diagram, it is classified as 
green if i = 1, red if j = 1 (except the box = (1, 1) which has 
no color); or, if i,j>2 it gets the color of that box among the two 
boxes {i,j — 1), {i — which was added to the Young diagram at 
the later time. One can think of two competing infections propagating 
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Figure 14. Red and green infection regions in the corner 
growth model and the competition interface. 



through the first quadrant of the plane, where a box becomes 
infected at an exponential rate 1 after the boxes below it and to its left 
are already infected; once it is infected the type of the infection (green 
or red) is decided according to which of the two "infecting" boxes has 
been infected more recently than the other. 

The competition interface is defined as the boundary line separating 
the green and red regions Agreen ^^nd A*ed! see Figure 14, As t increases, 
this line grows by adding straight line segments in the directions (1, 0) 
and (0, 1). In fact, the nature of this line is made clear in the following 
result. 

Proposition 7.4. Let ^ = I'o ^2 ■ ■ ■ denote the sequence of 

Young diagrams that the corner growth model {Ilt)t>o passes through. 
The competition interface is the polygonal line connecting the sequence 
of vertices 

(1,1) = pi,p2,P3,... 

given by the jeu de taquin path box positions {Pk)kLi associated with 
the Young graph path (z^n)^o- 

Proof. If at time t the top-right endpoint of the competition interface 
is in position (at, bt), that means that the Young diagram box indexed 
by N^-coordinates (at, bt) is in Ilf but the boxes indexed by (at + 1, bt) 



and (at, bt + 1) are not in lit (see Figure 14 for an example). Assume by 
induction on = at + &f — 1 that p^ = (at, bt). The next step pfc+i — p^ 
taken by the jeu de taquin path will be (1, 0) or (0, 1) depending on 
which of the two boxes (at + 1, bt) or (at, bt + 1) will be added to lit 
next; it is easy to see from the definition of the competition interface 
that its next step will be determined in exactly the same way. □ 
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Figure 15. A comparison of the density functions of 0, 
the asymptotic angle of the jeu de taquin path in a 
Plancherel-random infinite Young tableau (dashed, dark 
blue line) and of $ (full stroke line, in red), the asymp- 
totic angle of the competition interface in the corner 
growth model, which can also be interpreted as a jeu 
de taquin path. The density of $ is unbounded near 
and 7r/2. 



The analogue of our Theorem 1.1 for the corner growth model is the 



following result, which is Ferrari and Pimentel's |FP05] reformulation 



of Theorem 7.3 in the language of competition interfaces (which, as we 
observe above, is equivalent to jeu de taquin). 

Theorem 7.5 (Asymptotic behavior of the competition interface). The 

competition interface in the corner growth model converges to a straight 
line with a random direction. More precisely, the limit 

(cos$,sin$) = lim 

fc— >oo P/c 

exists almost surely. The asymptotic angle $ of the competition inter- 
face is an absolutely continuous random variable, with distribution 



Prob(<l> <x)= ^^y^ , (0 < x < 7r/2). 

V sin X + y/cosx 



Figure [15] shows a comparison of the density function of $ with that 
of 0, the asymptotic angle of the jeu de taquin path of a Plancherel- 
random infinite Young tableau. 



7.7. Summary. In the discussion above we showed that the jeu de 
taquin path arises naturally in probabilistic settings which have not 
been noticed so far and which go beyond its traditional applications 
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to algebraic combinatorics, namely the study of trajectories of second- 
class particle in interacting particle systems and of the competition 
interface between two randomly growing regions in the corner growth 
model. We hope that the reader is convinced that the interplay between 
the different interpretations and points of view is quite stimulating, and 
worthy of further study. 
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